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We iпtгосluсе а corrce;lt of gгееdу basis fоr а Вапасh space. It is а basis
itrr suclr tlrat fог each еlеrпепt its nr-terrrr approxirnatiorr with rеgагсl to
Ф сап Ье геаlizеd (in tlre sense of огdег) Ьу agreecly type algorithrn. We

рrоче that а basis is grееdу basis if arrcl only if it is unconditional and
сlеmосrаtiс. Dеmосгаtiс basis is а orre such that tlre погm of any sum of
its elements is cleteгtnined (within tlre multiplication Ьу two constants)
lэу tlre nrrrnber of summancls. Some furtlreг discussion is also ргеsепtеd.

1. Introduction

Le1; а l}anaclr slrtr,ce Х witlr а, lla,sis Ф = i{.,л}Ёr, |lфtll = ], & =7,2,,..,
ire givert. We c:orrsiclcr tlre lЪliorvirtg tireoгetical grcrcdv algoгitlrrn. Гог а, giverr

eiernent / С Х rче соrrsiсlег the exilartsioп

/ = Ёr:д(.f)фt.
'.-1

*Tlris геsеа,rсlt rv:rs stt,1l;lortetl ll.y tlrc: N:rt,iorral Sсiепсс l"ottndatiott (irапt DN{S 9622925,
Ь.у ONIt. Ст;rпt Nf.}0014-91-5-1076, апt[ b.v DААG55-98-]0002
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Let an element l с х Ье giverr. We call а permntation р" P{j} = kэ,
j = 1,2,..., о{ the positive integeTs dесrеаsitлg and yrite р € Dt/i if

|.д,(/)l 2 lc*,(/)l ) ...
Iп the case of strict inequalities hете D(/) consists of only one регшutаtiоп.
we define the rn-th gTeedy аррrохiшапt of / with rеgаrd to the basis Ф
coгTesponding to а peTmutation р € Л(/) Ьу the foTmula

(,],,,(.f , Ф.р) := 

E"r,(f 
)4,ъi.

This is а sirrrple algoTitlrrrl ri,iiich descTiъes а theoTetical sclteme (not corn-
Putationally readr') for ln-teгtrl appгoxitrtatiorl of ап elerrlerrt /. In огdеr to
undeTstancl the efficietrcy of tltis aigorith1l} \\е сопlраIе its accuTacy lvith the
best Possible one when the appToximant is chosetl a]]lotlg ail liпеаг corrrbi-
nations of nl, teTrrrs frотп lll . lVe dеfiпе tlre best /7?-tell]l approximation witlr
теgагd to Ф as follows

ou.(f , 'I') ,= 
J^1,1ll/ - 

' 

ct0,1.Il.

&€д

rvhеrе inf is takerr очет a,li coefficients сд attd sets of indices Д rvith ca,rciinaiity
#Д = rrz. T'lre best rve c:arr aclrieve rvitlr tlre algoritlrrn G,,, is

Пf - (;",(f, W,p)ll = ,,,("f, Ф),

от а little weakeT

(1.1) Пf - G^(| Ф,р)ll 1Go,,,(f .Ф)

foT all elerrrents l с Х with а constant G = С {X,iIl ) irrdependent of / апсi
rп.

Definition 1. We call а basis Ф grcedy bcsis if foT ечеrч / € Х thеrе
exists а perrrirrtation р € D(/) such tlrat (1.1)}iolds.

Рrороsitiоп l. If Ф zs с greetly bctsis, tltеп (1.i) holds Jоr апу реrmutа-
tiоп р € J)(/).

.. 
Denote Ьу'Нr:= {.I/fl}Ll ilre Нааr basis оп [0,1) noTmalized in .lo(0. i):

fi| = 1on [0'1) arrd loT Д = 2'" *!,lt, = 0'1,..., / =7,2'...,2n;

{

t

2",/|,, ,r с [(2t _ 2)2-,,-l , (2l - l \.]- -l
-2,,/р, z € [(21_ l)2-"_i .2!2-n-,,
0. otheTrvise.

Шft\Шшrпft
{ЛIL l <г< --

hД_Д*{i<р
tЦ- rr!]Лrqlе

шf - с-(,
flсШС{дr} йr*

*шL rB rr tl {
сqгМ r: {m}Ь Ь Ь.
rl rц лiadd,. с}_ Ё € J

СлЬrШЕоЛ*ýь
|€il

flL tm;dtiwспgtшtс(
Ib-G.cL ьlЬ rl rlicl

fo еgd5г К frr Ц0,1}qre сеtl сtrпrшll hеi

Wtе фтt ьоtг тЬе ieiiTio
Dtfiпiпiоп 2. А п,а_"ъ

t'e шшmdдШшrдi ff fог erв1
& = 1. з- - " _ rhв Ёmеат 0}реrаl

(

Ъ а LшН q.rаtfi fr,оm .J

lh йl bmdedrcr
ш

IГ=

i,Drlb -
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Тhе folloчring theorem (see [Т1]) establis}res existence of gTeedy bases fоr
,[,о{0,1). l <р< оо.

ТЬеогеm Ь. Letl <p<x апсl а basi,sV Ье Lo-equiualentto the На,аr,
bosi-c }lr. Тhеп for апу l € rе(0, 1) апd апу р€ D(/) ше haue

Пf _ G*(l, !Р, р)llrо . С(р, i[)o-(/, itrl);,

шif.ft а соtъstопt С(р, Ф) indepetl,dent ol f, р, аrzсl пt.

11Ъ use il tlris t}reoTenr the following defirrition of the Jo-equivalence. We
sa}* that Ё : {Фь}Е, is Lo-equiualell.t to'Jl = {Ё*}Ёr if fог any filrite set А
ашd аш1" coefrcients сk, k С Д, we have

Cl(p, Ф)ll Е "*Яnlll" < ll 

' 

сьфьllъо < Cz(p,W)ll 

' 

съНъllъ,
Ёсл &€д Аел

T-lth t*"o positive constants Cl(p, Ф), Сz(р,Ф) which пrау depend on р and Ф.
ТЪus. each basis Ф wНсh is .Lo-equivalent to the rrnivariate Нааг Ъаsis }lo

Ь а greedy basis fог .Lp(0,1), 1 ( р ( оо. We note that in the case of Hilbert
:расе еась отthопошrаl basis is а greedy basis with а constant G = 1 (see

r{Ъ give поw the definitions of unconditional arrcl clernocratic bases.

Definition 2. А basis Ф = {Фъ}Ё, of а Вапасh space Х is said to
ile lдл,lшл.дditiоtшl if fог ечегУ choice of signs 0 = {dд}Ё1, 0Ь = 1 оr -1,
& - 1.2.. ... the liпеаr орегаtог Мр, defined Ьу

"r{Lоrфr): Ё аьOьфь,
Ё:1 А=1

ь а Ь,оuпdеd ореrаtог fгоrп Х into Х.
The uпifоrm bouldedness pTinciple irnplies that the unconditional con-

ýtant
1( := f((Д, Ф) := sup ||М9||

is finite.

R.еmатk. Тhеrе аrе seveTal eqtivalent definitions of unconditional basis
1see [LT], [KS]). For instance, instead of signs d in Definition 2 one can take
етеry choice of Вооlеап Sequence }: {ье}Ё1 , Ьk = 0, оr 1, k = |r2,..., ancl
get ап equivaleat definition of unconditional basis.

T-he follorving theoTem is а Trell-known fact about unconditional bases (see

[LT], р.19).



36S

Тhеоrеm В. Let Ф Ь сп uпmtditiмцl tпsit fог ý. Tlten fоr ечеrу
cltoice ot Ьоапilеd sсаIаrs {^*}Ёr , uе hoлle

ll f ,ro"n4,e|| < 2/i sup tАд]||fr ооФ*ll
А.=1 ' A.=l

(intlte case ot real, fJаtzасh.ч7ласе Х ше сап,tаkе I{ instead of 2Ii).

Definition 3. We say tlrat а lэa,sis V = {фл.}Ё , is а tlепzосrаtlс basis if for
arry two firrite sets of indices Р and Q with the sапtе caTdinality, #Р = #Q,
rче lrave

(1.2) ll Е,.ддtl s лll I +lll
ft€р bcQ

witlr а constant D:= D(X,i[) inclependent of Р ancl Q.

We рrоче in Sectiorr 2 the following thеоrеm.

Тhеоrеm 1. Д basis i.s greeily if апtl or1,ly iJ it is uпсоп,сlitiопаl апd
dеrпосtаtiс.

I_rr Section 3 rve slrow tlrat tlre clerrtocratic basis is rrot necessarily а uп-
conclitional antl vice чеrsа. This rrreans that we neecl lroth conditions (rrncon-
ditioBality апd dеrпосrалу) iп Тhеоrеш 1. Some otlreT related concepts will
Ъе iatroduced arrd discussed iп Section 3, In Section 4 rve give exarrrples of
gгееdу lэаsеs fог fъactional spaceý.

2, Рrооf of Тlrеогеrrr 1

The 1lroot'o['tlre clil,ect 1lzLlt о1 tlte tireol,ettt, tlta,t апу rrncor,trlitionir,l a,rrcl

cletttocratic l;asis is а gleecl_v llasis, gocs tlre sаше wa"y a,s tlre рrоо1 оf Tlreo-
l,errt А (see [Т1] and also [Т2, Leшrrna,2.1]). Гот cotrtlrleteness rve shall pr:esertt

tlris рrооf 1rеге. lrr fact we p],ove а littlc lllot,e, na,rnelv. tlrat (1.1) lrolds Гоr

ап),р € r(./). This соrrrlэiпесl r,vitir Тhеогеlll 1ilrrplies Proposition 1.

Ta,kea,nyc>Oantlfilrd

p,,,(l),= f адРд
}€l'

sttclr tltat #I' = tlr ancl

(2.1) ll./ - p,"(/)li S o,"(l, Ф)* с

:, \', Iior;,:,

Tle essumption that !l Ь l

tLz) ll/ -
l.B, pcD(/) апd

G-(.f,'

Ttlr
(аr) Шf - G-(f,l,p
ТlеlБЁ t4rm iп thе right-L
roT tlc *сопd t€Еm. Ck l

(а{) .Sp(/) -
ýпfiцrу to (2.2) *э hасЕ

(L5) llso
Lrt rs cstimaie пш ||ýplq
пЬre
(2.6) Д:= дш

Trcr, Ьу the чiгtпе of Thel

(а0 ШS'л

Вз. (1.2) wе get

(2.9) l

/
Д€
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Fог апу finite set of indices Д we denote Ьу лfл the рrоjесtоr

л9д(/) ,= 

' 
сьU)фь.

/с€Л

Тhе assumption that Ф is rtnconditional implies that

{1.2} 1|/ - Sг(/)|| S /((о*(/, Ф)* с).

trяtр€D(f)апd

G^(f ,!0,р) = Е "д(/)Ф,, = .ýq(/).
kеQ

тhсп

{2J} ll/ - G,"(/, W,p)ll < ll/ - Sp(/)ll + |l,ýp(/) - Sc(/)ll.

Тhе first tегm in tlre right-hand side of (2.3) is estirnated in (2.2). We estimate
шg*" thе second tегш. Сlеаrlу,

(2.1} л9r(/) - So(/) = Sлtо(/) -.ýqlr(/).

ýшilaTly to (2.2) we have

(2.5) ||Sqlr(/)ll < K(o^(f ,,W) + с).

["et us estimate now ||лýрlq(/)ll. Ву the definition of grееdу algorithm G-
*t hаче

{2.6) А ,= *рй |"д(/)l < *Ёвt, |сд(/)| =: В.

Тhеп, Ьу the virtue of Tlreorem В we have

(2.7) llsriq(/)ll < 2/fд|| 

' 
фьll,

е€р\8

апd

(2.8) ||sqlr(/)ll >_ QI{)-L Bll Е +*ll.
*е8\Р

Ву (1.2) we get

(2-9) ш 

' 
Фьll soll 

' 
Ф*ll.

е€р\Q Ё€Q\Р

]
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Combining (2.7)-(2.9) we obtain
'](2.10) llsrrqff)ll < 4DK2||Sa\p(/)ll. 
'

Using (2.5) апr1 (2.10), we derive frопr (2.4) arltl (2.3) that ',]

ПI - G^(f, V,p)ll 1 4DIiL(o,"(/, V) * с) 
"

and, thегеfоте, the inequality

11S - Gл(f, Ф,р)ll 1. 4DI{3o*(/,'I)

holds.
We рrоче now the inverse paTt of the theoTem, namely, that а greedy basis

is always unconditional and democratic. Assume that а given basis ![ satisfies
(1.1) fоr аil / с Х. We Ъеgiп with the unconditionality. We shall prove that
fоr each function I С Х and any finite set Д wе lrave

(2.11) i|Sл(/)ll < (G + l)ll/ll,

rvhere (J is fгоm (1.1). It is rvell-known (see Rеmагk frоm the IntToduction)
that (2,11)imnlies that Ф is а unconditional basis. Take а пumЬег Л such
that

/[ > rnax |"д(/)l

and consider а пеw function

g:= f -,rл(/)+лf Фл..

Аел

Then we obviously have

(2.12) o,n{g) S ll/ll,

and

(2.13) G,,"(g):= Gu"(g,!trr,p) = Лf и*.
l,сл

Тhus, lry оuг assuпrptiorr that Ф is а gTeedv lrasis, lve get

1;1- .f,t(/)ll : llg - G",ig)ll 3 Go,n(g) < Gll/il.

This implies (2.i 1).

S. V. Конуд

Wе рюсееd цщl to рrот
r.d Q, #Р = #Q',= m, Ь
аrdУПР=Q,YПg:0-,

Гтх аuу с } В and cotsideT t

rпd
ll

тhеrtf,вrе. Ьу thе assumptiol

it-IL4} 
||l

Уmilаф;

l LI5} ll,

Гrшаllу. сrrшЬiпiпg the aЬovr
k атt*trаrilу sшаIl. wе oЬtai

З Exa_rTrpies
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We pToceed. по!ц to proving that !Р is democTatic. Let two finite sets Р
аъd:Q, #Р = #Q ,= rn, Ье given. Take а third one У such that fY = rп

&€^

Fix апу с ) 0 and consider the function

/ := (1 * е)фq * фу.

Тhеп
о,"(/) < (1+.)llФqll

апd

|ll -G*tf)ll = llфrll.

Тhегеfоге, Ьу the аssпшрtiоп that Ф is gTeedy we get

t2"l4) llФrll s G(i +.)llфqll.

Srшilаrl5г,

{2.15) tlФrll < G(l +.)llФуll.

F"шаIlу, юшЬiпiпg the above two inequalities and taking into account that с

Ь аrЬitгшil5r small, ъ,е ohain the estimate

l}Фрl| S G'llФоll.

Thb completes the proof of Тhеогеm 1.

3. Examples

3.1. Unconditionality does not imply dеmосrасу

Tiiis follolvS fгotrl рторегtiеs of tlre rnultivaria,te НааТ systeпr Н?р = |7px'tlp
defined as tlte tensoT рrосluсt of the rrnivariate Наат systeurs }lu. The system
Hri is arr rrrtcorrditiorral irasis foT io([0,i]2), 1 < р < оо. Ноwечег, thеrе is ап
exailrpie (see [Т2, Section 4]) suggested Ьу R. Hocirrrruth tlrat shows that Щ
is поt rlешосrаtiс foT р { 2.
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3.2. Dеmосrасу does not imply unconditionality
Let Х Ье the set ofall real sequences r = (ct,I2l...) such that

N

||r||y = sup L,,N€N п,=1

is finite. Сlеагlу, Х equipped with the поrm || . llx is а Banach space. Let
Фь С Х, & = 1,2,,..., Ье defined as

(фд)" = 0rп
k
k

1, IL =
#

Denote Ьу Хо the subspace of Х generated Ьу the elements фь. It is easy to
see that tфь} i, а democratic basis in Х6. Ноwечег, it is not an unconditional
basis since

t

while

3.3. Suреrdеmосrасу does not imply unconditionality

It is сlеаr that an unconditional and dеmосrаtiс lrasis !F satisfies the
following inequality

(3.1) ll f ад,д*11 S ,sll I оьф*ll
kер bcQ

for any two finite sets Р and Q, #Р = fQ, and any choices of signs 0ь = *|,
lсСР,апdсд=*1,k€Q.

Definition 3.1. We say that а basis Ф is а suрейеmосrсtzс basis if it
satisfies (3.1).

Тhеоrеm 1 implies that а greedy basis is а superdemocTatic ошrе. Now we
will construct an ехаmрlе of suреrсlешостаtiс basis which is not ;апr uncondi-
tional basis and thеrеfоrе, Ьу Theorerrr 1, it is not а greedy basis-

Let Х Ье the set of all Teal sequences т = (rr,f,2,...) € Jz surh that

N

llrll, = ,ор
N€N ri=1

is finite. Clearý, Х equipped Tyith the поrm

ll , ll = ma*(ll , llb,ll ,Ilr)

llЁ-|l=-, ||Ё,-,,-*-ll 
=,

L*"l fr|

lIFr
dШ|rlfu_Шmr,

l-+ Л щýв-gЕ€t
тiглil b*qb

h flhт ftыш, iдi* :,{giýi

+

г
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, а Banach Sрасе. Let фд € х, ft = |,2,..., Ье clefinecl as

(фi.={I, ll=|;
[0, п{k.

_lenote Ьу Хо the subspace of Х generatecl Ьу the elements фь. Itis easy to see::,at Ф = {фt} is а clemocratic ЬЪsis irr Х6. Моrеочеr,it is suреrdеmосгаtiс:,,r апу ,tr,. .., &- ancl fог any choice of signs,

,l ] ,/- <liЁ**-,ll . r-
||;=l ll

_:.,ieed, we hаче
ll * ll

|||*,lrL ll = ,t^,
||;=r ll,,

llЁ--"ll =t,tл <2\/Б,
llз=1 li, j=l

,-.j i3.2) follows. Ноwечеr, W is not an unconditional basis since fot rп} 2

llд _ll m

||L,,t,rtrtЪ ll > 

' 
l/k х logrn,

llA=I ll t=t

ll.-" ll
llrr- lfo*lrtl| =.Л;;.llд=r ll

,,n, 
,"А quasi-greedy basis is not necessarily ап uncondi-tlonal basrs

It follows frorn the clefinition of gгеесIу basis (see (1,1)) that theinequality
3.3) llG*(f,v,p)ll s (G+ 1)ll/l|

iroids fоr all rn and all / С Х, with some /2 € .D(/).
Definition 3.2- We say tlrat а lrasis tP is qисsа- greed,y if thеrе exists аconstant Cg such that fоr any -f € Х ancl a,ny finite ,Ъt orjrrai"es Д, havingtire рrореrtу

(3.4) utix,lc*(/)i > 1и lc*(/)l,

l
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we have

(3.5)

(3.6) Е l"ъ(/)|' < l

Gпввпу AppRoXIM.,\TIoN tN Вдшдсtt SpAcES

llSл(/, V)ll : ll! 
"д17;,r7,*ll 

< Coll1ll
Д€л

It is сlеаr that fоr elements /, with а unique decreasing геаrrапgеmепt
of coefrcients (fD(/) = 1), the inequalities (3.3) and (3.5) атё equivalent.
Modifying slightly the coefficients and using the continuity аrgumепt we get
that (3.3) and (3.5) аrе equivalent.

We shall рIоче now that the basis Ф constTucted in the pTevious suЪsection
3.3 is а quasi-gгeedy basis. Combining this with the Tesult fTom 3.3 that !U is
not unconditional we get the requiTed statement of this subsection.

Аssumе ll/ll = 1. Then Ьу the definition of ll . ll we have

оо

iс=1

and fог апу М,

(з.7) lf "o(/)ъ-rlz; 
< 1.

А,=1

It is сlеат that for апу Д we hаче

(3.в) llsл(/, v)llr, S ll/lll, S t.

We estirnate now llSл(/,v)||1. Let д Ье any set satisfying (3.4)" Denote

" ,= 
1?r l"b(/)l.

If а = 0, we get ýл("f, Ф) = "f and (3.5) holds. Let с ) 0. Fоr any Л, set

л+(л):-{kсд : &>л}, л-(л):={&сд : ft<л}.

We have

' 

|cl(/)|e-llz а 1' l"*(/)l'/')'/'(' k-3/2)\/3

(3.9)
е€л+ (N) А€л+(/ч) &>л/

< л-1/6( 

' 

|сд(/)|3/2(|сь(illlфr/r)2/" u (а2лl-tlс.
llс€Л+(N)

Choose Ло := [о-'] + 1. Tlren foT апу ,44 < /r., we hаче Ьу (3.7) that

fu Лt ) JlГ. п gЁ зir
t Е .*{Ль-'Лls
Ёбr-{rl

тh

Lý- 5оппе лшrо,r

h *:frык й:твс;ч fп
g!тýсi Ьшfu -"hai :,п ;!!(
rпd li пtm lЪаi q,пеяil

&-& Sушщ,trlс
{Ь q tЬд тm r_т"s

r-qdе ýtДаt eTt

hlgдdldilсшаr
гrl Г

.€]r

I}ffb е.д- _.[

q:пфiс il" fu &fI э
,Tqriвht ш ir-."L
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' 

|сд(/)|е-1l2 а r
fr€д+(N")

+ l 
' 

cp(flK-Tlz1
kФл-(м),k<м

м
r+CI! k-tlz 

=1+2ам|/2 
<L.

Ё=1

Гот М ) Ло we get rrsirrg (3.9) and (3.10)

l 

' 

съ(f)k-llzlа1 

' 

cp(Jlk-l12|1
д€л*(м) *€л-(N")

Tlrus
l1,9л(/, v)llr S с,

lr,liat completes the pToof. П

тhе аъоче ехашрlе and Тhеогеm 1 show tlrat а quasi-greedy basis is not

necessarily а gTeedy basis.

3.5. Some mоrе relations

It follows сlirесtlу from the definitions of unconditional basis and quasi-

gTeedy basis that an unconditional basis is always а quasi-greedy basis. This
and 3.1 show that quasi-greedy basis is not necessaTily а democratic basis.

3.6. Sуmmеtriс bases

We say that two systems {"r};L, and {y*}fl, of а Banach space Х аrе

X-equivalent if there аrе two positive constants Cr arrd Сz SUф that foT arry

finite set Д of indices and any пumЬеrs ар, k € Л, we have

аШ' oerell S Ш Е аkuhll <Crll I c}frbll,
&€л &€А k€л

Deflnition 3.3. д basis {rr}Ёr of а Banach space Х is said to.be
symmetri,c if, fоr апу permutati'on р of the positive integers, {gр(")}Ёr is

X-equivalent to {с,,}Рr.
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Рrороsitiоп 3.2. Д sуmrп,еtriс basis is а greetly Ьаsis.
Рrооf. It is well-known ([LT]) that ечеrу Symlnetric basis is also uncon-ditionai, It follows rlirесtlу f.orn-il,e clefinitibn that eveTy sуmrпеtгiс basis isalso clerrrocratic:. Thus Tlteorern 1 iпrplies Proposition 3.2. п
The following statement ancl Тhеоrеm А show tlrat а grееdу basis is notпесеssагilу а sуmmеtгiс basis. Thus tlre gгееdу bases аrе sоmеwhеге in Ье-tween of unconditional bases and sуmmеtriс bases.
Pгoposition 3.3. Тhе uпiuаriаtе Нааr basis'}7o is поt а sуmmеtriс basisfоr Lr(a,l) if р l2,

те hаче
]х

{"1]i llfllb = tE
&:r

h Ь сIеаr that (а.1) i*plic
rhшs.аЬаsЬ7(.t]Ь^gl
зз''r, еасh f с Iо(т,J\r).

Iп the case оfuпifоrш l
шgшld Ь а,п unconfitftTпal
*rtзшп.d hаче

4.t, llfll* = El
&

STbequences,ilr Tith thе р
:llзаг that (а.2) iшрЬ tha
],-t-r Ь а gr€еdу ЬЪ for

L2. Uniforml5r Ь
L€t l :_ {фdз)}Ь Ьс

тkеоъзьшdеddш
&= l,-L-.-fuтsше l S1

л

тLЁЕ tle dш,пrеь tahel]

h.'Фсfitfu 4-1. .t q
itr- ft rп aсndilirmJ lr

&оrf- Тtсшеп l iшd
hйь It rсшаfoс to рrоr
йNаtr Ь*ЁL Тtрпtш r
Дпfiеа|iс ЬaЁr. ft rel
,ШфЪ S Лa iпщЬ fiад П{

п*rthryшftrdfu
s

Рrоф. This is known and follows fог
frоm the estimate

,п 2п+|

instance in the case of 1 < р < m

ll) z-"/,H|lloхrl}/,2
rr=O &=2n*1

which can Ье obtained Ьу the Littlewoocl - Paley thеоrеrп (see [КТ, Ch.3,S.3]) and fTom the sirrrple оЬsегчаtiоп tliat for uny .yrt"*tl;i;.;;;r;
disjoint supports we have

ll! "дЯ;llо = (Е |cpf)llr.
,tсл Ёсл

fi

Applications to function ýpaces

4.1. T}igonometric subsystems
Consider first the case when Х с Iо(lг) and ![ is а subsystem of thetrigonometric system. Let Л/ := {nl}Er ЪЬ 

" 
,"qo"nce of diffeTent integers.Denote

Lp(T, N) := ýрЕfr,( {ei"u"}E, )
whеrе the closure is taken iп Lo. we cliscuss the question: fоr which Л/ thesYstem Т(N) ,= {:i:o'? пъ"€ N} is а grеесlу basis fоr L.'(T,M) ? вуТhеотеm 1 it should Ье an uncondiiion{ фri: Ь, Z,riT,};."ihor,'*" Йfrоm Khinchin's inequality (see [KS, Ch.2, S.z]) that i"; '

4.

"f(r) = Z, i}ro)"*'o"
оо

&=1

т



So uncon-
;с basis is

п

tsis is not
еге in Ье-

,tric basis

<р<оо

т. Ch.3,
.1 with

tr

of the
Ёеgетs.

ЛГ the
?Ву
rе get
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п,е hаче
(ю

i,].: ii/llr,,=(Elj@r)l\l'= ll/llr,, 1 { р<ф.
А=1

.- _. .al tiiat (4.1) implies that ТФD is а democTatic basis for iо(Т,Л/).
- , , t,asis Т{Л0 is а gTeedy basis foT 

'е(Т,Л/) 
if and only if (а.1) holds

-1-: ,i € 
'р(Т,Л0.] . l:,е case of uniforrn noTrn (р : оо) we get frоm Тhеотеm 1 that Т(N)

._ ,l.,l Ье ar-i rrnconditional basis fот,L-(Т",Л/). This implies in tuгп that we
should hаче

{4.2) ll/ll"" = ! ll("*)l foT ali / с 
'*(Т,Л0.*

] - ]::,]]1Ёtlсеs "\- rvitlr the pToperty (4.2) аrе called the Sidon sets (see [K]).It is.... :.ai 1.2) iпrрПеs that Тф0 is а gгееdу basis fог 
'-(Т,,Л/). 

TheTefoTe,
_- ,\' . а чrееdу basis fог 

'-(Т,,Л/) 
if апd only if ,Д,i is а Sidon's set.

4,2. Uniforrnly bounded systems
' -.- 'l :: ii,b(r)}Lr Ье а rrniforпrly borrnded on f,} system of rеаl functions

. =:= 1] is а bolrnded сlопtаiп in ]Rd. Assume tlrat ||фд||о:= llфдllrо(п) = 1,

Х({r, 
'е) 

:= sрап{фд}Рr,

,, =:е iire сlоsuге is taken iп lo(a).
Ргороsitiоп 4.].. Д system !! is а greedy basis fоr Х({r,r,,) if апd опlу

., , ],j alt ttrzcomd,itional basis |оr Х(\Р. 
'е).Рrоо!, Тlrеогеш 1 irnpНes that а greedy basis is always an unconditional

_,asis, Ii lenrains to рrоче that а Ф satisfying the above assumptions is а
rleec11, basis. Тhеотеm 1 slrows t]rat it is sufficient to ргоче tlrat W is а
cletnocTa,tic ilasis, ЦIе rc:rnark first tlrat оuI assumptions ||фд||о = 1 and
1,;дll"" { М irrrply tlrat i|фд|l2 } М1) 0. Fоr а function

.i : 

' 
съ(J)фь

lr

сопsidеr the stluare fnnctiorr

S(/) :: (Е.*(.f)',фil'l'.
&
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Tlren

(4.3) l1.9(/)ll." S ,{4(' 
"*(f)'')'l',

А

ancl foTall 1{рlф,

(4.4) lls(/)ll, < Iol'/,д.r(|cK$fltlz.
k

Using the{act tlrat IIl is ап uпcorrditional llasis rveget Ьу Iihinchin's inecluality

(see [ItS, Ch.2, S.2])

(4.5)

We pTove now that

(4.6)

t
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[к]

[KS]

ILT]

[т1]

[т2]

ll,r(/)ll" = (D ,k(il2)1l'

ll/llp х lls(/)ll,.

l,

Incleecl, the ttррег estiпrate I'ollows frorrr (4.3) and (4.4). Tlte lолчеr estinrate

irr tlre саsе р ) 2 follows frоtrt tlte irrequalities

(4.7) lls(.r)li, > ll,s(/)ll, > (r"д(/')2)'/2,
Ir

In the case 1 { 1l < 2 the lоwег estilrrate follows fTorn (4,;}), (4.7) arrd the

irrecluality

ll s(.f)ll; < ll^9(/)ll1-,lls(/)ll;.

'l'lrc: геlаtiопs (а.5) and (4.б) irnply that V is а cierlrocratic ba,sis" п
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