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Sampling discretization problem

• C > c > 0 � �xed
• L ⊂ Lp :=Lp(Ω, µ)∩C (Ω) � N-dimensional

Main question:
For what m ∈ N there are X1, . . . ,Xm ∈ Ω such that

c‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ C‖f ‖pp ∀f ∈ L?

Here ‖f ‖p :=
(∫

Ω

|f |p dµ
)1/p

.



Comments

• m ≥ N ⇒ we are interested in the conditions on L
under which m is close to N

• Sampling discretization with weights:
For what m ∈ N there are X1, . . . ,Xm ∈ Ω and
numbers λ1, . . . , λm such that

c‖f ‖pp ≤
m∑
j=1

λj |f (Xj)|p ≤ C‖f ‖pp ∀f ∈ L?

• Special case: C = 1 + ε, c = 1− ε, ε > 0

• Further: p > 1



Probabilistic approach

• We choose the points X1, . . . ,Xm randomly, i.e.
X1, . . . ,Xm are i.i.d. r.v. with the distribution µ.

• For B ⊂ L consider the random variable

Vp(B) := sup
f ∈B

∣∣∣ 1

m

m∑
j=1

|f (Xj)|p − ‖f ‖pp
∣∣∣.

• If B = Bp(L) := {f ∈ L : ‖f ‖p ≤ 1} and
P(Vp(Bp(L)) ≤ ε) > 0 then

(1−ε)‖f ‖pp≤
1

m

m∑
j=1

|f (Xj)|p≤(1+ε)‖f ‖pp ∀f ∈L.

• P
(
Vp(B) ≤ 2E

[
Vp(B)

])
≥ 2−1

⇒ su�cient to bound E
[
Vp(B)

]
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Connection with approximation of moments of
random vectors
• Let u = (u1, . . . , uN) be a random vector in RN ;

• 〈·, ·〉 � inner product in RN ;

• K ⊂ RN ;

• Up(K ) := sup
y∈K

∣∣∣ 1

m

m∑
j=1

|〈y ,uj〉|p − E|〈y ,u〉|p
∣∣∣.

The main question: How many independent
copies u1, . . . ,um of u are needed to guarantee
Up(K ) ≤ ε with high probability?

• Extensively studied: M. Rudelson, R. Vershynin,
K. Tikhomirov, O. Guédo, R. Adamczak, A. Litvak,
A. Pajor, N. Tomczak-Jaegermann,...



• If K ⊂ RN

⇒ take B := {fy(·) = 〈y , ·〉 : y ∈ K}, µ = Law(u),
⇒ E

[
Vp(B)

]
= E

[
Up(K )

]
.

• If 〈·, ·〉 � any inner product on L ⊂ Lp, B ⊂ L
⇒ take an orthonormal basis u1, . . . , uN in L,
take uj := (u1(Xj), . . . , uN(Xj)),

take K :=
{
y = (y1, . . . , yN) ∈ RN :

N∑
k=1

ykuk ∈ B
}

⇒ E
[
Up(K )

]
= E

[
Vp(B)

]
.



Some known results : p = 2

Theorem (M. Rudelson, 99).
Let K2 := {y ∈ RN : |y | ≤ 1} and assume that
|y |2 = E|〈u, y〉|2. Then

E
[
U2(K2)

]
≤ C (A +

√
A),

where A = logN
m E

[
max

1≤j≤m
|uj |2

]
.

Equivalently:

E
[
V2(B2(L))

]
≤ C (A +

√
A),

where B2(L) := {f ∈ L : ‖f ‖2 ≤ 1} and
A = logN

m E
[

sup
f ∈B2(L)

max
1≤j≤m

|f (Xj)|2
]



Nikolskii-type inequality assumption

De�nition. Subspace L satis�es (∞, q)
Nikolskii-type inequality assumption (with constant
M > 0) if

sup
x∈Ω
|f (x)| = ‖f ‖∞ ≤ MN1/q‖f ‖q ∀f ∈ L.

Corollary. If L satis�es (∞, 2) Nikolskii-type
inequality assumption, then there are
m = C (ε,M)N logN points X1, . . . ,Xm :

(1−ε)‖f ‖2
2 ≤

1

m

m∑
j=1

|f (Xj)|2 ≤ (1+ε)‖f ‖2
2 ∀f ∈ L.



Without randomness: p = 2

Theorem (V. Temlyakov, I. Limonova, 20).
∃C1,C2,C3 > 0: ∀ N-dimensional subspace L ⊂ L2,
satisfying (∞, 2) Nikolskii-type inequality
assumption, ∃m ≤ C1M

2N points X1, . . . ,Xm :

C2‖f ‖2
2 ≤

1

m

m∑
j=1

|f (Xj)|2 ≤ C3M
2‖f ‖2

2 ∀f ∈ L.



Known bounds for θ-convex sets

De�nition. B ⊂ L is θ-convex with constant ζ > 0
if ∥∥ f +g

2

∥∥
B
≤ 1− ζ‖f − g‖θB ∀f , g ∈ B .

Theorem (O. Guédon, M. Rudelson, 07).
If B ⊂ L is θ-convex and B ⊂ D � Euclidean ball,
then for p ∈ [θ,∞) one has

E
[
Vp(B)

]
≤ C

(
A + A1/2(sup

f ∈B
E|f (X1)|p)1/2

)
,

A = [logm]2−
2
θ

m E
(
sup
f ∈D

max
1≤j≤m

|f (Xj)|2 sup
h∈B

max
1≤j≤m

|h(Xj)|p−2
)
.



• Bp(L) is max{p, 2}-convex;

• p ≥ 2: Bp(L) ⊂ B2(L) ⇒ B = Bp(L), D = B2(L);

• p ≥ 2, L satis�es (∞, 2) Nikolskii-type inequality

⇒ A ≤ MpNp/2 [logm]2−
2
p

m ⇒ discretization of Lp-norm

with m = CNp/2[logN]2− 2
p points (C = C (M , ε, p));

• p ≥ 2, L satis�es (∞, p) Nikolskii-type inequality
⇒ L satis�es (∞, 2) Nikolskii-type inequality with

constant Mp/2 ⇒ A ≤ M2p−2N2− 2
p

[logm]2−
2
p

m ⇒
discretization of Lp-norm with m = CN2− 2

p [logN]2− 2
p

points (C = C (M , ε, p)).



The �rst main result: analog of Guédon�Rudelson

Theorem (E.K., 21). If B ⊂ L is θ-convex, then
for p ∈ [θ,∞) one has

E
[
Vp(B)

]
≤ C

(
A + A

1
θ (sup

f ∈B
E|f (X1)|p)1− 1

θ

)
,

where A = [logm]θ

m E
(
sup
f ∈B

max
1≤j≤m

|f (Xj)|p
)
.

Corollary.
p ≥ 2, L satis�es (∞, p) Nikolskii-type inequality ⇒
take B = Bp(L) ⇒ discretization of Lp-norm with
m = CN[logN]p points (C = C (M , ε, p)).



Discretization under the entropy numbers decay
assumption

De�nition. (F , %) � metric space,

ek(F , %) :=inf
{
ε : ∃f1, . . . , fnk ∈ F : F ⊂

nk⋃
j=1

Bε(fj)
}
,

where nk = 22k

, n0 = 1, Bε(f ) := {g : %(f , g) < ε}.

Theorem (F. Dai, A. Prymak, A. Shadrin,
V. Temlyakov, S. Tikhonov, 20).
Let p ∈ [1,∞) and assume that

ek(Bp(L), ‖ · ‖∞) ≤ MN1/p2−k/p 0 ≤ k ≤ logN .

Then ∃m ≤ C (p)MpN[log(2MN)]2 points such that

1
2‖f ‖

p
p ≤ 1

m

m∑
j=1

|f (Xj)|p ≤ 3
2‖f ‖

p
p ∀f ∈ L.



De�nition. For any �xed set X = {X1, . . . ,Xm} let
‖f ‖∞,X := max

1≤j≤m
|f (Xj)|.

Theorem (E.K., 21).
Let α ∈ (1,∞), p ∈ [α,∞), θ ≥ 2, B � θ-convex.
Assume that ∀X = {X1, . . . ,Xm} ∃WB(X ) > 0:

ek(B , ‖ · ‖∞,X ) ≤ WB(X )2−k/α.

Then

E
[
Vp(B)

]
≤ C

(
A+A

1
max{α,2} (sup

f ∈B
E|f (X1)|p)1− 1

max{α,2}
)
,

where

A= [logm]max{α,2}(1− 1
θ
)

m E
(
[WB(X )]α sup

f ∈B
max

1≤j≤m
|f (Xj)|p−α

)
.



Corollary for Bp(L)

• Bp(L) � max{p, 2} � convex;

• take α = p, θ = max{p, 2}, and assume that

ek(Bp(L), ‖ · ‖∞,X ) ≤ C (m)N1/p2−k/p.

Then A ≤ [logm]max{p,2}−1

m [C (m)]pN

• If C (m) ≤ M[logm]r ⇒ discretization of Lp-norm
withm=CN[logN]max{p,2}−1+pr points (C=C(M , ε, p)).



Bounds for the entropy numbers

• (M. Talagrand) B � θ-convex ⇒

ek(B , ‖·‖∞,X ) ≤ C
[

max
1≤j≤m

sup
f ∈B
|f (Xj)|

]
[logm]1/θ2−k/θ.

• ⇒ the analog of Guédon�Rudelson bound and
discretization result for p > 2 (m = CN[logN]p

under the (∞, p) Nikolskii-type ineq. assump.)



The case p ∈ (1, 2)

Theorem. p ∈ (1, 2), L satis�es (∞, 2)
Nikolskii-type ineq. assump. with M ≥ 2, then

ek(Bp(L), ‖·‖∞,X )≤C [logm]
1
2 [logM2N]

1
p−

1
2M

2
pN

1
p 2−k/p.

Theorem (E.K., 20). p ∈ (1, 2), L satis�es
(∞, 2) Nikolskii-type ineq. assump., then

E
[
Vp(Bp(L))

]
≤ C

(
A +
√
A
)
,

where A = [logm]1+
p
2 [log 4M2N]1−

p
2

m M2N .

Corollary. p ∈ (1, 2), L satis�es (∞, 2)
Nikolskii-type ineq. assump. ⇒ discretization of
Lp-norm with m = CM2N[log(4M2N)]2 points
(C = C (ε, p)).



Previous known result for p < 2

Theorem (F. Dai, A. Prymak, A. Shadrin,
V. Temlyakov, S. Tikhonov, 20).
p ∈ [1, 2), L satis�es (∞, 2) Nikolskii-type ineq.
assump. with M ≤ N r ⇒ discretization of Lp-norm
with m = CM2N[logN]3 points (C = C (r , ε, p)).



The main result for sampling discretization

Theorem (E.K., 20). Let
M ≥ 1, p ∈ (1,∞), ε ∈ (0, 1) ⇒
∃C := C (M , p, ε) : ∀ N-dimensional L, such that

‖f ‖∞ ≤ MN1/max{p,2}‖f ‖max{p,2} ∀f ∈ L,

∀m > CN[logN]max{p,2} there are points X1, . . . ,Xm

such that

(1−ε)‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ (1+ε)‖f ‖pp ∀ f ∈ L.



Improved Guédon�Rudelson bound

Theorem(E.K., 21). If B ⊂ L is θ-convex and
B ⊂ D � Euclidean ball, then for p ∈ [θ,∞) one has

E
[
Vp(B)

]
≤ C

(
A + A1/2(sup

f ∈B
E|f (X1)|p)1/2

)
,

A = 1
mE
(
sup
f ∈D

max
1≤j≤m

|f (Xj)|2 sup
h∈B

max
1≤j≤m

|h(Xj)|p−2
)

+ logm
m E

(
sup
h∈B

max
1≤j≤m

|h(Xj)|p
)
.



• L satis�es (∞, 2) Nikolskii-type inequality ⇒
A ≤ 2MpNp/2 logm

m ⇒ discretization of Lp-norm with
m = CNp/2 logN points (C = C (M , ε, p));

• discretization + Lewis' change of density theorem
⇒ J. Bourgain, J. Lindenstrauss, V. Milman result on
embeddings of N-dimensional L ⊂ Lp[0, 1] into `mp :

∀ N-dimensional L ⊂ Lp[0, 1] ∃ N-dimensional
L′ ⊂ `mp , with m = cε,pN

p/2 logN , at a
Banach-Mazur distance ≤ 1 + ε from L.

• Extensively studied: G. Schechtman, M. Talagrand,
J. Bourgain, V. Milman, J. Lindenstrauss,
A. Zvavitch...



The symmetrization argument

Let Rp(f ) =
m∑
j=1

|f (Xj)|p.

Lemma.
Assume ∃r ∈ (0, 1) : ∀ X := {X1, . . . ,Xm} :

Eε sup
f ∈B

∣∣∣ m∑
j=1

εj |f (Xj)|p
∣∣∣ ≤ Θ(X ) sup

f ∈B

(
Rp(f )

)1−r
,

ε1, . . . , εm � i.i.d ±1 symmetric Bernoulli r. v. Then

E
[
Vp(B)

]
≤C (r)

[
A + Ar

(
sup
f ∈B

E|f (X1)|p
)1−r]

,

where A = E[Θ(X )1/r ]
m .



Generic Chaining

To bound Eε sup
f ∈B

∣∣∣ m∑
j=1

εj |f (Xj)|p
∣∣∣ we use

M. Talagrand's generic chaining.

De�nition. Let f ∈ (F , %) be a metric space, τ > 0.
Set

γτ,1(F , %) := inf sup
f ∈F

∞∑
k=0

2k/τ inf
g∈Fn

%(f , g),

where the in�mum is taken over all sequences of sets
Fn of cardinality |Fn| ≤ 22n

.



Talagrand's theorem

• Let εf be a random process, f ∈ (F , %).
Assume that there are numbers K > 0 and α > 0:

P(|εf − εg | ≥ K%(f , g)t1/τ) ≤ 2e−t ∀t > 0.

Then ∀ f0 ∈ F one has

E sup
f ∈F
|εf − εf0| ≤ C (K , α)γτ,1(F , %).

• In our case εf =
m∑
j=1

εj |f (Xj)|p, f ∈ B .



Tails estimate

Theorem. ∀τ ∈ [2,∞) ∃Cτ > 0:

P
(∣∣ m∑

j=1

εjcj
∣∣ ≥ Cτ

( m∑
j=1

|cj |τ
′)1/τ ′

t1/α
)
≤ 2e−t ,

where τ ′ = τ
τ−1 .

Thus, in our case

%(f , g) =
( m∑

j=1

(
|f (Xj)|p − |g(Xj)|p

)τ ′)1/τ ′



Dudley's bound

• Assumptions: ek(B , ‖ · ‖∞,X ) ≤ WB(X )2−k/α.

• We take τ := max{α, 2} and note that

%(f , g) ≤ C1sup
h∈B
‖h‖

p−α
τ

∞,X sup
v∈B

(
Rp(v)

)1− 1
τ ‖f − g‖α/τ∞,X ,

where Rp(v) =
m∑
j=1

|v(Xj)|p.

• By the Dudley's entropy bound

γτ,1(B , %) ≤ C2

∞∑
k=0

2k/τek(B , %) ≤

C3 sup
h∈B
‖h‖

p−α
τ

∞,X sup
v∈B

(
Rp(v)

)1− 1
τWB(X )α/τ logm



• Using the symmetrization argument, we get

E
[
Vp(B)

]
≤ C

(
A+A

1
max{α,2} (sup

f ∈B
E|f (X1)|p)1− 1

max{α,2}
)
,

where

A = [logm]max{α,2}

m E
(
[WB(X )]α sup

f ∈B
max

1≤j≤m
|f (Xj)|p−α

)
.

• To improve the power of logm we have used the
recent results on generic chaining of R. van Handel
(2018).
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Thank You!


