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Setting
o data z = (@, ), € (2 X V)" s
® (x;,y;) distributed according to p .
...
z .
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Setting

® data z = (@, ¥5), € (A xY)"
® (x;,y;) distributed according to p

® reconstruction algorithm
Rp: (AxY)" =Y
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Problem 1: Estimate Risk

Given: data z, reconstruction model Ry (z)

Question: How big is the Lo-reconstruction error of Ry (z)?

E(Rn(2)) = / |(Bi(2)) () — f? dp(a.y)
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Problem 2: Model selection

Given: data z, hypothesis space {Ry(z) : h € H}

Question: Which reconstruction model Ry (z) to choose?
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w
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Purly data-driven method to approximate the risk

® validation set

train | test ‘
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Purly data-driven method to approximate the risk
® validation set

® "Probably the simplest and most widly used method for estimation prediction
error is cross-validation.” [Hastie 2001]

test train
train | test train
train test train
train test | train
train test
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Leave-one-out cross-validation [Stone 1974]

@ calculate the reconstructions Ry (z_;) from the function values
Z_i= (Zh sy Bi—1y Bit1y - - - ,Zn)

@® evaluate the residual of Ry (z_;) in the i-th node x;
| Ry (2—i) (i) — vil

© calculate the mean value with respect to all nodes

n

CV(z,N) = = 3 1a(zo) ) — il

=1
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Fast computation

® Deshpande and Girard. Fast computation of cross-validated robust splines
and other non-linear smoothing splines. 2010.

® Mullin and Sukthankar. Complete Cross-Validation for Nearest Neighbor
Classifiers. 2000.

® An, Liu, and Venkatesh. Fast cross-validation algorithms for least squares
support vector machine and kernel ridge regression. 2007.

® cross-validation has 4000000 hits on Google Scholar
e fast cross-validation has 3000000 hits on Google Scholar
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Fast computation

Penalized least squares estimation

Ri(z) =Y §(k)er()

kel
where
N . ~ 2 A 112
§ = argmin 1Fg —yllw + AMaly
~ N\ —1
- (F*WF + AW) F'Wy.
for
* F = (¢r(xi))i=1,..nker ° W = diag(w;)i,
*y=(y)i * W = diag(d(k))ker
B., Hielscher, Potts 7/ 36 www.tu-chemnitz.de/~febar




Fast computation

Evaluating the reconstruction for full data, we obtain

Fgy=F (F*WF + AW) F'Wy

Theorem [Golub, Heath, Whaba 1979]

HA'y yli

Z'L

Z

=i

with h;; being the diagonal entries of H).

B., Hielscher, Potts 8/ 36 www.tu-chemnitz.de/~febar



Fast computation

.
hii = e; Hye;
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Fast computation

Theorem

[Tasche, Weyrich 1996]
For Q = T, exponential functions

o = exp(27ik - ),
the full grid

t=1

d
m . d
the diagonal entries can be computed via
1 1
hij =g Y .
0 d 2
N7 £ T+ i (k)
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Fast computation

Theorem (Diagonal entries h;; of the hat matrix) [B, Hielscher, Potts, 2019]

Let I be an index set and X, W form an exact quadrature rule for exp(2rik - x)
with k € D(I) = {k; — ko : k1,ko € I}. Then

1
hi,i = wW; s
kzel 1+ (k)
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Fast computation

Theorem (Diagonal entries h;; of the hat matrix) [B, Hielscher, Potts, 2019]

Let I be an index set and X, W form an exact quadrature rule for exp(2rik - x)
with k € D(I) = {k; — ko : k1,ko € I}. Then

1
hij =w; ) ————7~.
kzel 1+ (k)

Proof:
Using quadrature, we have F*W F = I and thus

hig = (F (FrWF+W) - F*W) )

1 1
= (Fdiag(———) FW) =w;y ———.
(P (36 o, ), T

2,0 kGI .
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Fast computation

Algorithm: Computation of the cross-validation score

Input:

o X oW=diag(w)i; oW ey=(u)l; oA
Output:

e CV(z,\)

-1
® Compute § == (F*WF + AW) F*'Wy
® Compute g .= Hyy = Fg

1
© Compute h;; = wiz —for1<i<n
= 1+ Aw(k)

@ Evaluate CV(z,\) = 1 Z
n

i=1

2
gi — Yi

1 — hig

)
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Fast computation

domain basis g diagonal elements h; ;
¢ exp(2wik - x)  w; Z _
1+ Aw(k)
kel
K-1
w; 2 cos(2k arccos ;) + 1
0,1 k —
[0, 1] cos(k arccos x) 5 <7r e + 2 /2 + Mg >
K
w; 2k +1
g2 Y (9 — —_—
k=0
K
/ 2k +1
503)  DY'(R) w h

= + My
=0 2k [B., Hielscher, Potts 2019]
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Fast computation

Fast matrix-vector multiplication

domain Q  basis @y fast algorithm

¢ exp(2mik -x)  FFT, LFFT, NFFT
[0, 1] cos(karccosxz) FCT, NFCT

$2 Yiei(9, ) NFSFT

SO(3) DY (R) NSOFT

Thus, CV(z, \) computable in O(nlogn + |I|).
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Fast computation

Numerical example

noisy data

® 1024 x 1024 nodes

® 10 % Gaussian noise
0.5
Ly-error ||gx — f]|2 and
cross-validation score CV(z, \) .
1 —92 TTTTT LA T T 1T T 1 .
0 , reconstruction
104023 1
10725 |- | 14021
Ll I - Ll 10 ‘. 05
107° 107* 107° >
A 0
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Fast computation

Example: rank-1 lattices [Kdmmerer, Potts, Volkmer 2015]

1
o X=A(z,n)={a:zE(mzmodnl)E']I‘d:mzo,...,n—l}

® Given I, there exist algorithms that find z and n such that F*W F' = I for
W = diag(1/n);.

® Multiplication with F' can be carried out with the LFFT in O(nlogn).

z=(,3)T,n=11

ALY
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Fast computation

Numerical example Lo-error [|gx — f|» and

. cross-validation score CV(z, \)
. . . T T TTTTT T T 11T 8.3372
o f= ®B2 with 5% Gaussian noise 10977 |- ‘ 10
Jj=1
7 -{ 108-3367
N 2 —0.82 [
¢ w(k):HmaX(|nJ| 71) 10 Ll L il
. =1 1072 107!
® index set

7
I = ke 27 : [[ max(1,n;]) < 16
j=1

X: 1105193 rank-1 lattice nodes

@
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Fast computation

Scattered nodes

By [Tropp 2012], [Oliviera 2010], or [Rauhut 2010] we obtain for uniformly random
nodes

FFWF=~1I

with high probability, which motivates

The approximated cross-validation score CV()) is defined by

n

~ 1« [Hy —y)? 5 1
() n Z (1 — hiy)?2 or ’ w’g;} 1+ M(k) .

=1
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Fast computation

Numerical example

noisy data
® 8192 uniformly scattered nodes e

® 5% Gaussian noise

Lo-error ||gx — f||2 and
cross-validation score CV(z, \)

—1.6 [T T 1777 T T T T
10 ‘ | reconstruction
10—1.8

1072

|
|
.
.|

B., Hielscher, Potts 19 / 36 www.tu-chemnitz.de/~febar



Table of contents

@ Fast computation (for PLSE) v/

® Theoretical foundation



Theoretical Foundation

Problem

Given: data z = (x;, f(x;))}_,, reconstruction model Ry (z)

Question: Relation of

5(Rh(Z))=/ |(Ru(2))(2) = f()* dp(z.y)

and

n

CV(zN) = = 3 IRu(z-0) @) — il

B., Hielscher, Potts

20 / 36 www.tu-chemnitz.de/~febar



Theoretical Foundation

Bound by Golub, Heath, and Whaba from 1979

For PLSE with 1/ntrace Hy < 1 they showed

[E(E(RA(Z)) — E(CV(Z, 1))

E(CV(Z,)))
9 (trace H))? 1
<[z H '
< <n trace H) + trace H/% (1 — 1/ntrace Hy)?
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Theoretical Foundation

Bound by Li from 1987

Let
ht = argmin £(Ry(z)) and h* =argmin CV(z, h).
h h
Then under certain assumptions

—1 for n— .
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Theoretical Foundation

Concentration Inequalities

Theorem (Hoeffding 1963)
Let
° 7,..

., Zp, independent rv's with values in [0, 1] and

i=1

Then fore > 0
]P{

1 n

=1

> 5} < 2exp (—2n52) .

B., Hielscher, Potts
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Theoretical Foundation

A function f: Q" — R is c-bounded on = C Q" for ¢ = (cy,...,¢p), iff

Zly«+-52n) — Rlye 5 Ri—15%4 Rit1ly---52n)| = €
£ ( )= f( ; )<

forall (z1,...,2n),(2},...,2) €E,and 1 < i <n.
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Theoretical Foundation

Theorem (McDiarmid 1989)

Let

® 71,...,Zy, be independent rv's with values in €,
e f:Q" — R be c-bounded on Q", and

e m=E{f(Z,...,Z,)}.
Then fore > 0

P{|f(Z,...,Z,) —m) >€}§2exp(— 252).

lell3
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Theoretical Foundation

Theorem (Extension of McDiarmid by Combes 2015)
Let

QTL

® 71,...,7Zy, be independent rv's with values in €,
e f:Q" — R be c-bounded on = C Q", and

e m=E{f(Z,...,Z.)|(Z1,...,2Z,) € E}, and
o v=1-P{(Z,...,Z,) € E}.

Then for e > ~||c||1

]P{|f(Z1aaZn)_m| >€}§2"y-|—2exp (-W) .

lell3
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Theoretical Foundation

General framework

Define = = Z(C1, C2) as the set of z = (z1,. .., z,) fulfilling

@ a uniform bound on the reconstruction error

[Rr(z—i) = flloo < Ch

forl1 <4 <n.
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Theoretical Foundation

General framework

Define = = Z(C1, C2) as the set of z = (z1,. .., z,) fulfilling

@ a uniform bound on the reconstruction error
[Rr(z—i) = flloo < Ch
® z_; — Ry(z_;)(x) c-bounded for all € Q on = with ¢ = 1C

forl1 <4 <n.
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Theoretical Foundation

Risk functional z — E(Rp(z—;)) is Cross-validation score z — CV(z, h) is
c-bounded on = with ¢ = 4C?1. c-bounded on = with ¢ = 5C?1.
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Theoretical Foundation

Risk functional z — E(Rp(z—;)) is Cross-validation score z — CV(z, h) is
c-bounded on = with ¢ = 4C?1. c-bounded on = with ¢ = 5C?1.

Now we apply Combes extension of McDiarmid.

= 2
= N
S 5
W
h h
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Theoretical Foundation

Lemma

For Z' representing n — 1 samples and Z representing n samples element-wise
distributed according to p we have

Ez {(Ra(Z'))} = Bz {CV(Z, h)}.

E(Rn(z-i))
CV(z,h)
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Theoretical Foundation

Theorem (B., Hielscher 2021)

Let n > 3,
® Z be element-wise distributed according to p with values in (2 x Y)", and
e y=1-P{Z cE}.

Then for & > 2y max{5nC%, (||(Rr(-))()lloo + || flloc)?} we have

P{|CV(Z,h) — E(RL(Z-1))| > €}

2
e
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Theoretical Foundation

Shepard’'s model
Shepard’s model for @ =T, Y =R, and z = (z;, f(x;))?

1=1
() = Bl ()

with

Kp(x1,22) = max{0,1 — h|lx; — z2|}

small h medium h big h

*
.
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Theoretical Foundation

We need estimates for
* (Br() (oo
® |R,(2) — flloo for z € E, and
e y=1-P{Z =}
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Theoretical Foundation

We need estimates for
* (Br() (oo < [1flloo,
® |R,(2) — flloo for z € E, and
o y=1-P{Z =}

B., Hielscher, Potts 32 /36 www.tu-chemnitz.de/~febar



Theoretical Foundation

We need estimates for

* [I(Rr(-)()llso < I f oo
® |R,(2) — flloo for z € E, and
* y=1-P{Z cE}

Theorem (B., Hielscher 2021)

Let z1,...,xy, be uniformly random, Ky (x,-) be supported on [x — 1/h,x + 1/h],
and f be Lipschitz with constant L. Then ||Rp(2z) — fl|loc < L/h with probability

L]

1—7>Z k+1< ) (1—%)71_1
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Theoretical Foundation

Theorem (B., Hielscher 2021)
Let

f be Lipschitz with constant L,

z = (x, f(z;))!~, be samples with z1,...,x, € T uniformly distributed,
Ky (z,-) be supported on [x — 1/h,x + 1/h], and

n -1
v = () (- &)
Then we have for e > ymax{10nL?/h?, 8| f||%.}

P{|CV(Z,h) — E(Rn(Z-1))| > €}

h? =\
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Theoretical Foundation

Gyorfi, Kohler, Krzyzak, and Walk in 2002

Using
® binary kernels Kp : Q x Q — {0,1}
e = all possible samples

they showed

1
7=0, Cr=2|fle; Ca~=

and obtained

P{|CV(Z,h) ~ E(Rp(Z-1)] > e} S exp (= (Vie)*) .
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Theoretical Foundation

Gyorfi, Kohler, Krzyzak, and Walk in 2002

Using
® binary kernels Kp : Q x Q — {0,1}
e = all possible samples

they showed

1
7=0, Cr=2|fle; Ca~=

and obtained
P{|CV(Z,h) ~ E(Rp(Z-1)] > e} S exp (= (Vie)*) .

Our result assuming h ~ n:

P {|CV(Z,h) — E(R(Z-1))| > €} <7+ exp (— (n?/2 + m)Q) |

B., Hielscher, Potts 34 /36 www.tu-chemnitz.de/~febar



Theoretical Foundation

Numerical example

1072 ¢

1074

107 g”'
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Theoretical Foundation

Numerical example

CV(z,h) and E(Rp(z-1)) |CV(z,h) — E(Ry(z-1))|
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