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f:DcR!I—C
X={x',....x"},xcD,i=1,...,n
f(X): f(xh),...,f(x")

Reconstruct f from samples

@ The sampling nodes should work for a class of functions simultaneously
e H(K) is a reproducing kernel Hilbert space (RKHS) with bounded
kernel K: D x D — C
o Control the worst-case error
sup  [|f — 5% flle(D)
11l ey <1
@ Discuss the power of standard information in the uniform norm
@ Obtain new recovery guarantees for concrete Sobolev type spaces
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Linear information: Gelfand numbers / widths, approximation numbers / linear widths

o (Id: H(K) — F):=  inf f— Af 1
an ( (K) = F) accilbo ufnii‘2<1 I llF (1)
rankA<n -

Standard information: sampling numbers

w(Id: H(K) — F) .= inf inf su f—R(f(X 2
£ (L0 H) > F)im | o er  sup = RG] @)

an(1d) < g»(1d)
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D. Krieg and M. Ullrich, L. Kdmmerer, T. Ullrich and T. Volkmer, M. Ullrich,
M. Moeller and T. Ullrich, N. Nagel, M. Schafer and T. Ullrich, V.N. Temlyakov

F. Y. Kuo, G. W. Wasilkowski and H. Wozniakowski

om=0(") = @y,=p
Ni.op(k) = O(k), 0n=0(n"") = ¢’ =gl =p-1/2

If Nk op(k) = O(k) we obtain for Id: H(K) — £oo(D)

gm(Id) S CQDsK min{aLm/(bbg m)| (Id) y\V |og m:- aLch (Id)}

Nieop(k) = O(K"), u>1 — gt > p—uj2
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1fllea(D,0p) = </D f(x)zng(x))l/z

1flleae (o) = sup [F(x)]
xeD
Vf € H(K), Vx e D f(x) = (f, K(-, x))Hy

KIS = sup K(x,x) < oo ®3)

1 llew ) < 1Ko - | fll k)

trK = ||K||§=/DK(x,x)ng(x)<oo (4)
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Vf e H(K), Yxe D f(x) = (f,K(, %))

Id: H(K) = La(D, 0p), W, =1d" o1d: H(K) — H(K),
where (Idf, 8)1,(p,0p) = (f,1d"8)H(k)

(An)s2y — rearrangement of eigenvalues of Wy, A1 > X2 >--- >0
(0n)22, — set of singular values, i.e., oj = /N, j =1,2,..

(er(x))n2: C H(K) — set of right singular functions,
(1n(x))521 = (07 e (x))721 C L2(D, 0p).

Mercer kernel

=> ei(y)ei(x x,y €D (5)
k=1
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Least squares algorithm

D. Krieg, M. Ullrich Function values are enough for L>-approximation. Found. Comp.
Math., to appear. arXiv:math/1905.02516v3.

L. Kdmmerer, T. Ullrich, T. Volkmer Worst case recovery guarantees for least squares
approximation using random samples, arXiv: 1911.10111, 2019.

m—1
Recovery operator Sy := Y ckix J
k=1

fi=(FEY,.... &), ci=(c,...,cm1) ., ()2, = (cr,:le:(x))fil

m(x') m(x) o pmei(x?)
Lym:=Lym(X) = : : - : (6)
mx") na(x") o mmoa(x7)
Solve the over-determined linear system
Lym-c=f
via least squares, i.e., compute
¢= (L nLnm) 'Ly, £ (7)
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Weighted least squares regression

Input: X =(x',...,x") € D" set of distinct sampling nodes,
f = (f(x"),...,f(x"))T  samples of f evaluated at the nodes from X,
meN m < n such that the matrix Ly,
has full (column) rank.

Compute reweighted samples g := (gj)/_; with

g - 0, om(x)) =0,
T )/ Vom(®),  om(xX) #0.

Solve the over-determined linear system Lk,m (&1, Cn1) =g,

ik = (/'k)n,m_l k= 0, gm(xf)_O
TN jmsa T k() om(¥), em(®) #0,

via least squares, i.e., compute (&, ..., En_1) ' = (f;mfkﬂn)’l izm -g.
Output: € = (&1,...,En_1) € C" ! coefficients of the approximant

m—1
S)I(Hf = kank. J
k=1
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D. Krieg, M. Ullrich Function values are enough for La-approximation. Found. Comp. Math.,
to appear. arXiv:math/1905.02516v3.

A. Cohen, G. Migliorati Optimal weighted least-squares methods. SMAI J. Comput. Math.,
3:181-203, 2017.

V. N. Temlyakov On optimal recovery in Lp. J. Complexity, to appear. arXiv:

math/2010.03103.

om(x) = E(L 5 Ink(x)* + & i |e*(x)\2) (8)
K 2w — 1o ke g ‘
/ _ 1 - 2 1 9

X = (x!,...,x") are drawn i.i.d. with respect to o,(-)dop
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For every f € H(K) with a Mercer kernel K, it holds

Z f ek K)ek )
k=1

Let

NE

me = (f, e,f)H(K)e,f(-)

=
Il

1

be the projection onto the space span{e;(-),..., e%(-)}.

’ m

If — SEFllewo) < IIf = Pr—iFllew(0) + |Prerf — SEFlle (0) J
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For every f € H(K) with a Mercer kernel K, it holds

Z f,ex)H K)ek x).
k=1

Let

s

meZ: (f, e,f)H(K)e,f(-)

=
Il

1

be the projection onto the space span{e;(-),..., e%(-)}.

If — SZFlle(py < IIf = Pm1Flle o) + | Pm—sf — SRFllee (o) ]

NK 4k 02
sup  ||f = Pmafllenipy < |2 ) % (10)
1l <1 k>|m/2|

where
m—1

Nk 00 (m) := sup Ni,g,(m, ) = sup > [1i(x
xeD xeD k=1

Kateryna Pozharska (IM NASU) Sampling recovery May 3, 2021 10/ 44



1Pm—1f — SEflleo oy = IISE (f = Pm—1f) lleo (D) =

m—1
D Em(x)
k=1

£oo (D)

m—1
<\ Mo (m) - > J&?
k=1
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1Pm—1f = SZFlleoco) = 15K (F = Pm—1F) llee (D) =

m—1
D Em(x)
k=1

£oo (D)

m—1
SJNK,QD("’% > lad?
k

=1

(617 IR 5""—1)T = (i:,mik,m)_l i:,m ) g7 g = (gJ)Jn:1 Wlth

_Jo, om(x') =0,
o {(f—Pmm(xf)/Jm, on(x') £ 0. "

N. Nagel, M. Schéfer, T. Ullrich A new upper bound for sampling numbers. Found. Comp.
Math., 2021.

<+/2/n

N(m) < n/(10rlogn), r>1 — ||(L:’",L,,,m)_1 Lﬁ,mHz_)2 <

on() = 5 (57 2 I + i > eGP

N(m) := sup 2_: Mg 2(m—1)

xeD =1 Qm(x)
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For systems (7x(x))22;, where for all k € N
Imllewipy < B, k€EN,

we have
Nk gp(m) < (m —1)B? (12)
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Theorem (Moeller, Ullrich’ 20)

Lety’, i=1,...,n, .be i.i.d random sequences from /5. Let further n >3, r>1,
M > 0 such that ||y'|lo < M forall i =1,..., n almost surely and Ey’' @ y' = A
for i =1,...,n with ||A||—> < 1. Then

1< . .
Pl|- ! "— A

where F := max{s”%Mzﬂz, ||I\H2%2} and k =

Z F) S 23/4”1—r7
22

15

Focus here on infinite random matrices, complements earlier results by
Kammerer, Ullrich, Volkmer, Tropp, Rauhut, Pajor, Mendelson, Oliveira...

i 1

y = \/m(em(xi),e;+1(xi),...), i=1,...,n

: = leg®P _
Iy']3 <sup Y T <2Y =M
2 xGDk:m Qm(X) k=m
A = diag(02,02,,1,...), [A]m2 = 02,
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Theorem (P., Ullrich’ 21)

H(K) RKHS on a compact domain D C R?
K: D x D — C continuous and bounded kernel

op finite Borel measure with full support on D
(on)p21, 01 > 02 > -+, singular values of Id: H(K) — La2(D, op)
m:= |n/(arlogn)|, r>1

e 6 6 6 o

- Nk oy (m Ni. o, (4K)02
wp_ |f— SR < comax { o) 57 gz 5 MeaBRaky (g5
¥l < k>[m/2]  k=|m/2]

with probability larger than 1 — can'~", where X = (x*,...,x") are drawn i.i.d. with
m— — * 2 * oo
respect to om(-)dop, Nk,ep(m) = suPeep >oiy ok "ei (¥)] " (&7 (x))221 C H(K).
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Theorem (P., Ullrich’ 21)

H(K) RKHS on a compact domain D C R?
K: D x D — C continuous and bounded kernel

op finite Borel measure with full support on D
(on)p21, 01 > 02 > -+, singular values of Id: H(K) — La2(D, op)
m:= |n/(arlogn)|, r>1

e 6 6 6 o

- Nk oy (m Ni. o, (4K)02
wp_ |f— SR < comax { o) 57 gz 5 MeaBRaky (g5
¥l < k>[m/2]  k=|m/2]

with probability larger than 1 — can'~", where X = (x*,...,x") are drawn i.i.d. with
m— — * 2 * oo
respect to om(-)dop, Nk,ep(m) = suPeep >oiy ok "ei (¥)] " (&7 (x))221 C H(K).

=3, cs =8(4(1 ++5)//cr +3)?

Arbitrary ONS (nx(x)):2, Incllecepy <1, k€N
C1 = 20, C3 = 278 C1 = 10, C3 = 403
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Theorem (P., Ullrich’ 21)

H(K) RKHS on a compact domain D C R
K: D x D — C continuous and bounded kernel

op finite Borel measure with full support on D
(on)i21, 01 > 02 > -+, singular values of Id: H(K) — L2(D, op)
m:= |n/(cirlogn)|, r>1

N, N0 (4K)0%
sup [|f = SX 7. <Csmax{7K’iz(m) RS 7’(’9[’,(( )Uk} (14)

11l iy <1 k>[m/2] k>|m/2]
A

with probability larger than 1 — can'™", where X = (x, ... ”) are drawn i.i.d. with
respect to om(-)dop, Ni.ep(m) = supxep Y4y |0 ek (x )\ (e (x))n21 C H(K).

If Nik,op(k) = O(k), it holds
sup  ||f — SKFI7 o) < Copk D Ok < Copkaims)(Idi,00)’ (15)
11l ey <1 k>|m/2|

F. Cobos, T. Kiihn, W. Sickel Optimal approximation of multivariate periodic Sobolev
functions in the sup-norm. J. Funct. Anal., 270(11):4196-4212, 2016.
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m:=|n/(crlogn)|, r>1

om(x) = 5 (- 1Z|m gmkkie:(x)\z)

sup |If — SRFII7..q <C3max{ KQD Z o2, Z w}

11l ey <1 k>|m/2| k>|m/2]

Qm(x Z |77k x)‘2 + P
NK7 (m) Nk op, (4k)o? Nk ,op (4k)o?2
sup ||f—5)’("f||e <C3max{ E;s Z QDk k Z @fk}
1l ey <1 k> cm| k>[m/2]

y
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m:=|n/(carlogn)|, r>1

om(x) = 5 (- 1Z|m gmkkie:(x)\z)

sup |If — SRFII7..q <C3max{ KQD Z o2, Z M}

11l ey <1 k>|m/2| k>|m/2]

@m(x Z |7]k x)‘z + 5
N, N, 4k)o? N, 4k)o?
sup ||f — S)’("f||e y < max{ K’QD(m) Z K’QDIE ) ) Z 7&%2 ids }
1 iy <1 W el k>[m/2] )
m™ is the largest number such that Nk ,,(m) < n/(10r log n)
. N, 4k)o?
wp [F-SE AR e Y Mol (16)

Il ey <1 k> m* /2]
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m(xt) na(xt) oo mmoi(xt)
Lom :=Lnm(X) = e
m(x") m(x") o moi(x")

Above approach requires n = O(mlog m) samples.

We “shrink” the matrix L, , to O(m) lines applying a modification of the Weaver
sub-sampling strategy.

S, X={x},....x"} = S7, #J=0(m), (x')ics CX

N. Nagel, M. Schéfer, T. Ullrich A new upper bound for sampling numbers. Found. Comp.
Math., 2021.

S. Nitzan, A. Olevskii, A. Ulanovskii Exponential frames on unbounded sets. Proc. Amer.
Math. Soc., 144(1):109-118, 2016.

I. Limonova, V. N. Temlyakov On sampling discretization in Ly. arXiv: math/2009.10789v1,
2020.
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Theorem (Nitzan, Olevskii, Ulanovskii' 16,

Limonova, Temlyakov' 20, Nagel, Schifer, Ullrich’ 20)

Let ki, ko, k3 > 0 and uy, ..., u, € C™ with |[u;]|3 < k2 forall i =1,...,n and

n

kalw(3 <> lw,u)]”> < ks|[w[l3, weCTm

i=1
= 3JJC{1,...,n}, #J < Cim:
m m
G- w3 < Z (W, w)]> < G- —[wll3, weCm
ied
More precisely, we can choose

kiks
ke

G = 1642%, G =02+V2)P2k, C3=1642
2

in case % > 47%. In the regime 1 < 7 < 47% one may put GG = 47:—:, Co = ko,
G =478k,
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Theorem (P., Ullrich’ 21)

For Id: H(K) — ¢x (D), 3b, ca, cs,c6 > 0:

Nk, op(m Nk o, (4k)o?
8| bmiog m| (1d)? < 3 max {KQTD() oot Y %}
k>|m/2] k>|m/2]

N m)log m N 4k)o?
o1 < ymas { HsLTUET S g, 57 L)
k>|csm] k>|csm)|

The measure gp is at our disposal.
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Theorem (P., Ullrich’ 21)

For Id: H(K) — ¢x (D), 3b, ca, cs,c6 > 0:

Nk, op(m Nk o, (4k)o?
8| bmiog m| (1d)? < 3 max {KQTD() oot Y %}
k>|m/2] k>|m/2]

N m)log m N 4k)o?
o1 < ymas { HsLTUET S g, 57 L)
k>|csm] k>|csm)|

The measure gp is at our disposal.

If Ni o, (k) = O(k) we obtain

gm(Id) S CgD,K min{atm/(cb log m) | (Id) 1V |0g m - a\_Cst (Id)} (17)
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Sampling and Kolmogorov numbers

D. Krieg and M. Ullrich
@ Function values are enough for Lp-approximation
@ Function values are enough for Ly-approximation: Part I

L. Kédmmerer, T. Ullrich, T. Volkmer Worst case recovery guarantees for least squares
approximation using random samples

M. Ullrich On the worst-case error of least squares algorithms for Ly-approximation with high
probability

M. Moeller, T. Ullrich L>-norm sampling discretization and recovery of functions from RKHS
with finite trace.

N. Nagel, M. Schéfer, T. Ullrich A new upper bound for sampling numbers

log m

gm(Id: F — Ly(D,0))* < C > de(1d: F — [(D, )

k>|cm)|
V. N. Temlyakov On optimal recovery in Lj

glom|(Id: F = L2(D, 0)) < Bdp(Id: F — Loo(D))

Kateryna Pozharska (IM NASU) Sampling recovery May 3, 2021 20 /44



Sampling and Kolmogorov numbers

Id: F — (oo(D)

dn(Id) := inf sup inf | — glls.,
= Vi Hﬂl;ggev,,,” glle (D)

@ V is the optimal subspace for d,(Id)
@ o is a finite measure on D

@ (¢n)2; is ONS in Vi wrt. o

8lbmiog m| (Id) < (2 4+ v/ 2(D)/(m = 1))/ Ny,v; dm(1d)

glom)(Id) < C /N, v=dn(Id), m > o(D)

where ||f||2
loo(D
Ng,vm* = SUp o (D)
fevy ||f.||L2(D’g)
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Sampling and Kolmogorov numbers

V. N. Temlyakov On optimal recovery in L. J. Complexity, to appear. arXiv:
math/2010.03103.

8|bm| (Id: F — La(D, p)) < Bdm(Id: F = L(D))
V. N. Temlyakov, T. Ullrich

@ Approximation of functions with small mixed smoothness in the uniform
norm. arXiv: math/2012.11983, 2020.

@ Bounds on Kolmogorov widths and sampling recovery for classes with small
mixed smoothness. arXiv: math/2012.09925, 2020.
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The power of standard information

g = sup {q >0: lim n%,(1d) = O}

n—o0

td . — >0: im n9 = }
qr sup{q >0 nIL[r;On gn(Id) =0

li . li d . d
F= LQ(D’ QD) = qi%o = quzl(D@D)’ qgf@o = qitz(D,QD)
F={x(D) = qlolé1 = qé‘i(o), Qigd = qz:(o)

For a,(Id) one can take F = L(D)
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(1) Ni,op(K) = O(K");
(i) Ip>1/2, G >0: o; < Gj P j=12,....

u:=inf{u: Nk, (k) =O(k")},
p:=sup{p: ;< Gj P j=12,...}
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(1) Ni,op(K) = O(K");
(i) Ip>1/2, G >0: o; < Gj P j=12,....

u:=inf{u: Nk, (k) =O(k")},
p:=sup{p: ;< Gj P j=12,...}

F. Kuo, G. W. Wasilkowski, H. Wozniakowski

@ Multivariate Lo approximation in the worst case setting over reproducing kernel Hilbert
spaces. J. Approx. Theory, 152(2):135-160, 2008.

@ On the power of standard information for multivariate approximation in the worst case
setting. J. Approx. Theory, 158(1):97-125, 2009.

(i) 3G >0 Inilleciopy < G j=1,2,...

Ni.op (k) = supgcp S mi(x)]* = O(k), mi(x) = o; e} (x)
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The power of standard information

(i) Nk,op(k) = O(k");
(i’) 4G > 0: ||njHeoo(D) <G,.j=12,... (U = 1)
(ii) E|p>1/2, G > 0: O’jSCzj_p,j=1,2,...

(i) = @5, =p
(i)/(1) & (i) = ¢ =qh, -1/2=p-1/)2

./ . std 2p 71 71
M & @) — e 2 (r-3) 0

Corollary (P., Ullrich’ 21)
@) & (i), 2p>u

gl > p—u/2
In case u =1 (or if (i") holds) we have

G2’ = oo =P —1/2
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Examples. Sobolev type spaces.

H"”, w(k) >0, k € 74

111wy = > (w(k))ek(F)? < o0 (18)

kezd

c(f) = (2m) 9 [1o f(x)e k*dx, ke zd T =[0,27]¢

HY(T9) < Loo(T) = > (w(k
kezd
F. Cobos, T. Kiihn, W. Sickel Optimal approximation of multivariate periodic Sobolev
functions in the sup-norm. J. Funct. Anal., 270(11):4196-4212, 2016.

ik-(x—y)
Ku(x,y) =S S— (19)
kZ (w(k))?
HY(T9) — £ (T9)
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e’.k'(xf)')

Kw(x,y) = Z

&, (w(k))?
(Annett = (W) )czsr (n(-))nen = (exp(ik-)) ez

I(R) := {k e Z9: w(k) < R}, m(R) = #I(R)

Theorem (P., Ullrich’ 21)
o H*, Yem(w(k)) 2 < oo
e R>1,r>1
@ n be smallest such that m(R) < |n/(cirlogn)], ¢ >0

m(R _
sup [[F =SR2 gy <C Y (w(k)? (20)
1 (i) <1 k: w(k)>R

v
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Sampling recovery. Sobolev type spaces.

gn(IW: HW(Td) — Loo(Td)) < Cmin {aLn/blognJ(Iw)v \% log n - a[an(Iw)}

Note that

W)2 Z 7-k )

k>n+1

where (7h)neny = (1/w(k))kezd, m>1> ...

m(lw) < Clogm:- aLm/long(IW) (21)

L. Kdimmerer Multiple lattice rules for multivariate Lo, approximation in the worst-case setting.
arXiv: math/1909.02290v1, 2019.

L. Kammerer, T. Volkmer Approximation of multivariate periodic functions based on sampling
along multiple rank-1 lattices. J. Approx. Theory, 246:1-27, 2019.
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H(T) i= {F € La(T): 1 oy = D lei(F) H(1+|k\ < oo}

kezd
HEh () = {F € La(T): 15 ey = D la(F) 2H 1+ k)" < oo}
kezd

T. Kiihn, W. Sickel, T. Ullrich Approximation of mixed order Sobolev functions on the
d-torus: asymptotics, preasymptotics and d-dependence. Constr. Approx., 42:353-398, 2015.

Id: Hi(TY) = La(T9), o Sea n~*(log n)*@~")

~

Theorem (P., Ullrich’ 21)
Lets >1/2, r>1, m= |[n/(cirlogn)|, c1 > 0. Then

—s+1/2 (I )sd—1/2

sup  |If = SXfllirey Ss,ar ogn

1Flls oy <1

is true as n — oo with probability larger than 1 — 3n*~"
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8lomiogm] (Id: Hi(T9) = Loo(T)) Ss.a m=*T1/2(log m)*(9=1) (23)
8len) (1d: Hin(T9)) = Loo(T9)) Ssa 1=+ (log n)* @ DH/2 - (24)

s(d=1)+1/2<s(d—1)4+s—-1/2 if s>1

For sparse grids
gn(1d: Hipie(T9) = Loo(T%)) <sa 1~/ ?(logn) @, s> 1/2

V. N. Temlyakov On approximate recovery of functions with bounded mixed derivative.
J. Complexity, 9(1):41-59, 1993.
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3n -
T. Kiihn New preasymptotic estimates for the approximation of periodic Sobolev functions. In
2018 MATRIX annals, volume 3 of MATRIX Book Ser., pages 97-112. Springer, Cham., 2020.

Theorem (P., Ullrich’ 21)
@ s> (l+log,d)/2, B:=25/(1+log,d)>1,r>1
eneN, n>3 meNm=|n/(10rlogn)]

16 1+Iod
a#s< > “T n>ze6

16 I} m —B+1
sup ||f — SPFIZ_pay < 1612 < 3 ) s (— - 1) (25)

Hf”H.Sv# (Td)gl
mix
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#<<16>1+|og2d’ n>6
3n -

T. Kiihn New preasymptotic estimates for the approximation of periodic Sobolev functions. In
2018 MATRIX annals, volume 3 of MATRIX Book Ser., pages 97-112. Springer, Cham., 2020.

Theorem (P., Ullrich’ 21)
@ s> (l+log,d)/2, B:=25/(1+log,d)>1,r>1
eneN, n>3 meNm=|n/(10rlogn)]

16 I} m —B+1
i STF < 1612 (= -1 2
0l S:pd)q” iy <16 <3> 6—1(2 )
(T

ot < (C(d)) H(THoz5(@—1) 7 (26)

n

d—1
5>0,d>30>2 C(d) = (1+ 55 (1+ gy )
T. Kiihn, W. Sickel, T. Ullrich How anisotropic mixed smoothness affects the decay of singular

numbers of Sobolev embeddings. J. Complexity, to appear, arXiv: math/2001.09022v3.
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General results

For Id: H(K) — £so(D), 3b,c4, 05,6 > 0:

N m N 4k)o?
8|bmiog m)(14)” < ¢ max {Ké;g() DY Keol(()k}
k=>[m/2] k>[m/2]

Nk op(m)log m Nk op(4k o2
gm(Id)2§C4max{QD(m) DS QD/E)k}
k>|csm] k>|csm]
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A univariate example

D = [-1,1], the uniform measure dx on D
Af(x) = —((1 = *)F'Y
H(K;) := {f € Ly(D): A/%f € (D)}, s>1

Kol y) =D (14 (k(k + 1)) Pe(x)Puly)

keN
Pr: D — R, k €N, are Ly(D)-normalized Legendre polynomials Py (x)

® (m)iZy = (Pi)is
® (&)iy = ((1+ (k(k+1))°)/2Pu)i,
° o= ((1+ (k(k+1))°)/2
N(m) = O(m?)
P. G. Nevai Orthogonal polynomials. Mem. Amer. Math. Soc., 18(213), 1979.

g,,(Id) ,SS n—s+1(|og n)min{s—1,1/2} (27)J
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A univariate example

sup I = SZFllLoe(p) Ss m T < n" T (log n)*
11l H(ks) <1

L>(D), Gauss points

C. Bernardi, Y. Maday Polynomial interpolation results in Sobolev spaces. J. Comput. Appl.
Math., 43(1):53-80, 1992.

Lo(D), worst case error estimates with high probability

L. Kdmmerer, T. Ullrich, T. Volkmer Worst-case recovery guarantees for least squares
approximation using random samples. arXiv: math/1911.10111, 2019.

Kateryna Pozharska (IM NASU) Sampling recovery May 3, 2021 34 /44



sup I = SFFllLoe(p) Ss m T < n " (log n)*
11l H(ks) <1

m—1 o0
om(x) = 5 (- > ol + = IECHINC

v

sup ||f = SEfllo(p) Ss 1 * 7/ (log n)*3/2

11l k) <1
1 -1 1
/ 2
= ————— - 2
Qm(x) 2( 1) kE . |77k(x)| 5 ( 9)

sup || — SEFlli(py Ss n 1% (log n)(s 1)/
(1 lH(ks) <1
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Chebyshev kernels

(), = -1
1l = (/ F() 29 (x dx> (/ 0O HW\/: )1/2

LI(1*): {T() eeny = {1}U{ﬂcos(karccosx)}k€N
L3 (19): {Tk(x)}keNg, where

d o
Te(x) = H Ti (%) = H <ﬁmm(1’k’) cos(kj arccosx,-)) , keNg
j=1

j=t
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Realizations of random nodes with respect to

the Chebyshev measure

1 T
0.5 . :
. LI
ol ' . .
—0.5 .o . @
—1 (s fo o el " .
-1 —0.5 0 0.5
(a) d=2,n=100

Taken from:

L. Kdmmerer, T. Ullrich, T. Volkmer Worst case recovery guarantees for least squares

(b) d =3, n =316

approximation using random samples, arXiv: 1911.10111, 2019.
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Felzl?) f(x)=Yyeny fT(x), where fi = (f, T) g ey, k € N§.

H(Kw):

Kl = 30 RO, (30)
keNgd

where w(k) is such, that w(k) < w(k’) if k < k'.

(0n)ny = (ﬁ) keng

H() = {keNg’: L:a,, i:l,...,é}
w
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T\ 1
(o7 )y = (—W,(k))kezd, where

w (k) == w(lk]), |kl = (k|- [kal), k € Z°.

M(A) denotes a set, that is "mirrored” to the downward closed set A of indexes k € N§

ST okl < (#A)EE, #M(A) < min (2#A, (#A)RE) (31)

kcA

A. Chkifa, A. Cohen, G. Migliorati, F. Nobilem, R. Tempone Discrete least squares
polynomial approximation with random evaluations — application to parametric and stochastic
elliptic PDEs, ESAIM Math. Model. Numer. Anal. 49 (2015), 815-837.

F. Y. Kuo, G. Migliorati, F. Nobile, D. Nuyens Function integration, reconstruction and
approximation using rank-1 lattices, ArXiv: 1908.01178v1, 2019.

Kateryna Pozharska (IM NASU) Sampling recovery May 3, 2021 39 /44



Theorem.
@ H(Kw) on I = [~1,1]? with Dkeny

1
il <

° rZQ,m:{T",nnJ,rﬁ:{max(Q m, m%>

@ ¥(x) = H;‘i:l ;2

Ty [1—x%
J

Inn < 2
P sup [If = SFFIZy 0 < Gumaxd (R, 0 (oF ) p | 21-301
1 Hek, ) ST Ly

oo

2

P sup  [If =S FI2_ 0 < Gmaxq m(a7)?, > (U}T) >1-3n'"",
1 k) <1 i=r

where m’ is a maximal natural number, that satisfies the condition

N(m') = Z olklo <m.

keH(m’ —1)
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Let ws(k) := [T, (1+ kj)*, k €Ng, s > 1/2

1/2
Fanl®) = 4 F € L2A%): Ifllge, 0% =| 32 |fk|2H W+k)* | <ocop (32
keNg
anfi(Td), T9 = [0,2x]9, is the periodic Sobolev space,
y 1/2
HE M) = L F e (M) IFl s oy = | 30 laRTIO+ 1K1 | <oop, (33)
milx kEZd J 1

wr (k) =TT, (1 + [kl)*, k€29, s > 1/2.

T. Kiihn, W. Sickel, T. Ullrich Approximation of mixed order Sobolev functions on the d-torus
- asymptotics, preasymptotics and d-dependence, Constr. Approx. 42 (2015), 353-398.

D. Krieg Tensor power sequences and the approximation of tensor product operators,
J. Complexity 44 (2018), 30-51.
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Thank you
for your attention!
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sup [|f — P 1f\|z D)_SUPZ’ek
xeD

k>m

1 1) <1
oo
2
=sup Y > o)
xeD I=|log, m] 2!<k<2!+1
For all 2/ < k < 2t it holds Uﬁ < 2,1—,1

IA

I=|log; m|
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