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Trigonometric polynomials. Dirichlet kernel.

Functions of the form
t(x) = Z cke™ = ap/2 + Z(ak cos kx + by sin kx)
[k|<n k=1

are called trigonometric polynomials of order n. The set of such
polynomials we denote by 7 (n).
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Trigonometric polynomials. Dirichlet kernel.

Functions of the form
t(x) = Z cke™ = ap/2 + Z(ak cos kx + by sin kx)
[k|<n k=1

are called trigonometric polynomials of order n. The set of such
polynomials we denote by 7 (n).
The Dirichlet kernel of order n

Dn(X) — Z ek — e—inX(ei(2n+1)X _ 1)(eix _ 1)—1
|k|<n

= (sin(n+ 1/2)x) / sin(x/2).
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Interpolation

Denote .
x = 27rj/(2n—|—1)’ j:O,l,...,2n.

Clearly, the points x/, j = 1,...,2n, are zeros of the Dirichlet
kernel D, on [0, 27].
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Interpolation

Denote .
x = 27rj/(2n—|—1)’ j:O,l,...,2n.

Clearly, the points X, j=1,...,2n, are zeros of the Dirichlet
kernel D, on [0,27]. Consequently, for any continuous f

2n

In(F)(x) = (2n+ 1)1 F(x)Da(x — X)

Jj=0

interpolates f at points x/: I,(f)(x/) = f(x/), j = 0,1, ...,2n.
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Error of interpolation

It is easy to check that for any t € 7(n) we have /,(t) = t. Using
this and the inequality

|D,,(x)‘ < min(2n+1,7/|x|), x| <,

we obtain
£ = 1n(F)llec < CIn(n+ 1)En(f)oo,

where E,(f), is the best approximation of f in the L, norm by
polynomials from 7 (n).
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The de la Vallée Poussin kernels

2n—1

Vaon(x) = n~t Z Di(x) =
k=n

COS NX — COS 2nx

n(sin(x/2))?
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The de la Vallée Poussin kernels

2n—1

Vaon(x) = n~t Z Di(x) =
k=n

COS NX — COS 2nx
n(sin(x/2))?

The de la Vallée Poussin kernels V,, are even trigonometric
polynomials of order 2n — 1 with the majorant

’V,,(x)‘ < Cmin(n, 1/(nx2)), x| < .

Vladimir Temlyakov Sampling recovery. Lecture 1. Recovery in the L, norms.



The de la Vallée Poussin kernels

2n—1

_ COS NX — COS 2nx

Von(x) :=n 1 g Di(x) = .
k=n

n(sin(x/2))?

The de la Vallée Poussin kernels V,, are even trigonometric
polynomials of order 2n — 1 with the majorant

’V,,(x)‘ < Cmin(n, 1/(nx2)), x| < .

Consider the following recovery operator

4n

Ro(F) = (4n) "1 Y F(x())Va(x = x(j),  x() == mj/(2n).

j=1
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Properties of R,(f)

It is easy to check that for any t € T(n) we have R,(t) = t. Using
this and the above majorant we obtain

I = Ra(f)lloo < CEp(F)oo-
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Properties of R,(f)

It is easy to check that for any t € T(n) we have R,(t) = t. Using
this and the above majorant we obtain

I = Ra(f)lloo < CEp(F)oo-

What about error in the L, p € [1,00)? Let € := {ex}}2, be a
non-increasing sequence of non-negative numbers. Define

E(e,p):={feC: Ex(f)p <ex, k=0,1,...}.
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Error of recovery

Theorem (VT, 1985)

Assume that a sequence ¢ satisfies the conditions: for all
s=0,1,... we have

0o
E exv < Beps, €s < Deps.
v=s+1

Then for p € [1, c0)

sup [ = Ra(F)llp = Y 2Pz
feE(e,p) o
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Error of recovery

Theorem (VT, 1985)

Assume that a sequence ¢ satisfies the conditions: for all
s=0,1,... we have

o
Z exv < Beps, €s < Deps.
v=s+1
Then for p € [1, c0)

(e.9]

sup [ = Ra(F)llp = Y 2Pz
feE(e,p) o

This theorem for 1 < p < 2 was proved in VT, 1985. A similar
proof works for other p.
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Norms of operators

In the case of space C (p = o0) we have
[Rnllc—c < C.

This allows us to obtain the inequality ||f — Ry(f)||co < CEn(f)oo-

Vladimir Temlyakov Sampling recovery. Lecture 1. Recovery in the L, norms.



Norms of operators

In the case of space C (p = o) we have
[Rnllc—e < C.

This allows us to obtain the inequality ||f — Ry(f)||co < CEn(f)oo-

Operators R, are not defined on L,, when p < co. What to do?
Historically, the first idea was to consider the operator R,J, where

J(F)(x) = (2m) /T Fx — y)Foly)dy,

Frly) =1+ k™ "cos(ky — rm/2).
k=1
It was proved in VT, 1985 that for r > 1/p we have (/ is the
identity operator)

HI - RnJr”Lp—>Lp < C(I’, p)n—r_
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Some inequalities

The following inequalities turns out to be more convenient. Denote

V()00 = (20) [ flx= Ve
Then (VT, 1993) we have for s > n
IR VellLyt, < C(s/n)MP, 1< p<oo

and
1a Vel 1, < C(p)(s/m)MP, 1< p<co.
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Optimal recovery

For a fixed m and a set of points £ := {§J ", C1Q, let ®c bea
linear operator from C™ into L,(, ). Denote for a class F
(usually, centrally symmetric and compact subset of L, (€2, 1))

om(F,Lp) := inf  sup||f — &¢(F(&h),... F(E™)]lp.
inear ®¢; & fcF

The above described recovery procedure is a linear procedure.
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Optimal recovery

For a fixed m and a set of points £ := {gf}j";l C Q, let ®¢ be a
linear operator from C™ into L,(€2, 1t). Denote for a class F
(usually, centrally symmetric and compact subset of L, (€2, 1))

Qm(F> LP) = inf i sup ||f - (Df(f(fl)? ] f(gm))”P
linear ®¢; € rcF

The above described recovery procedure is a linear procedure.
The following modification of the above recovery procedure is also
of interest. We now allow any mapping ®¢ : C™ — Xy C Ly(, 1)
where Xy is a linear subspace of dimension N < m and define

*(F, L) = inf  sup ||f — e(F(EY), ..., F(E™)]|p.
om(F, Lp) %&XN’NSWEEH e(F(€) E™"Nllp

In both of the above cases we build an approximant, which comes
from a linear subspace of dimension at most m.
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Univariate smoothness classes

Define
Wy ={f : f=J(¢) lellq <1}
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Univariate smoothness classes

Define
Wy ={f : f=J(¢) lellq <1}

Theorem (VT, 1993)
Let1<gq,p<ocoandr>1/q. Then

0am(Wg. Lp) = sup [|F — Ru(F)llp = m™r+/a1/p)r.
few;

In the case 1 < p < oo the above estimates are valid for the
operator I, instead of the operator Ry,.
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Multivariate case. Classes

Forr = (ri,...,rqy) € RY) define

H(F)x) = (27)~ / Fx — y)F(y)dy,

Td

d
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Multivariate case. Classes

Forr = (ri,...,rqy) € RY) define

H(F)x) = (27)~ / Fx — y)F(y)dy,

Td

d

F)=]]F)

j=1
and
W= F = (o), llgll < 1.
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Recovery operators

Let for i = 1,...,d operator R be the operator R, acting with
respect to the variable x;. Denote

AL =Ry — Rhy, Ryp=0,

and for s = (s1,...,54) € Ng

d
A =[] AL
i=1
Consider the recovery operator (Smolyak operator)

T, = Z As.

s:|Is||1<n

Operator T, uses m function values with
m< > p_ 2kkd"t < 2mpd-1
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First results

The following bound was obtained by S. Smolyak in 1960. Let
r=(r,...,r). In this case write W, = W_. Then

sup ||If — Thlloo < 270971 r>0.
feWr

It was extended to the case p < oo in VT, 1985:

sup ||f — Thallp < 27Mpd-l > 1/p.
FEW,
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First results

The following bound was obtained by S. Smolyak in 1960. Let
r=(r,...,r). In this case write W, = W_. Then

sup ||If — Thlloo < 270971 r>0.
feWr

It was extended to the case p < oo in VT, 1985:

sup ||f — Thallp < 27Mpd-l > 1/p.
FEW,

Open problem. Find the right order of the optimal sampling
recovery o,(Wp, Ly) incase 1 < p <ocandr>1/p.
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Further results

We have (VT, 1993)
0m(W5)oo = m™ 1 2(log m) 9= r > 1/2.

The order of optimal recovery is provided by the Smolyak
operator T,.
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Further results

We have (VT, 1993)
0m(W5)oo = m™ 1 2(log m) 9= r > 1/2.

The order of optimal recovery is provided by the Smolyak
operator T,. Also we know (VT, 1993)

sup [|f — To(f)]|oo = 27 (1@ p(d=D(-1/0),
fEW[7
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Useful inequalities

For s € Zi define
p(s) i={kezZé 97 < |k| <29 j=1,...,d}
where [x] denotes the integer part of x and

5s(F)(x) == > F(k)eltx).

kep(s)
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Useful inequalities

For s € Zi define
p(s) i={kezZé 97 < |k| <29 j=1,...,d}

where [x] denotes the integer part of x and

5s(F)(x) == > F(k)eltx).

kep(s)

Let an array ¢ = {5} be given, where ¢ >0, s = (s1,...,54), and
s; are nonnegative integers, j = 1,...,d.
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We denote by G(e, q) and F(e, q) the following sets of functions
(1< g<oo):

G(e,q):={fely: Hés(f)Hq <es for all s},

F(e,q) :={f € Lqy: Hés(f)Hq > e for all s}.
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Estimating ||f]|,,

Theorem (VT, 1986)
The following relations hold:

1/p
sup |fl, = (Z €SF’2||51(P/‘7_1)) , 1<g<p<oo;
feG(e,q) s (1)
1

1/p
inf IFll. = polislli(p/q—1) ’ 1<p<qg< oo,
cemf e (; & p<qg<oo

with constants independent of .
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Remark

Remark (Dinh Zung, 1991; VT, 1993)

In the proof of first relation of Theorem (VT, 1986) we used only
the property 0s(f) € T(2%,d). That is, if

F=>t,  teT(2d),
S

then for1 < g < p < oq,

1/p
Ifllp < C(q,p.d <2Ht |2lellste/a- 1)> .
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H classes

For s € Ny define the univariate operators
As = V25 — V2571, V1/2 =0

and for s = (s1,...,54) € N§

d .
As =[] AL
i=1
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H classes

For s € Ny define the univariate operators
As = V25 — V2571, V1/2 =0

and for s = (s1,...,54) € N§

d .
As =[] AL
i=1

Hy = {f Al < 277y,

Vladimir Temlyakov Sampling recovery. Lecture 1. Recovery in the L, norms.



Recovery of H classes

Theorem (VT, 1985)

Let1 < p<ocandr>1/p. Then we have for f € H,

18s(F)]l, < o=rlsly  5pd If = Ta(F)]lp < o= pd—1
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Recovery of H classes

Theorem (VT, 1985)

Let1 < p<ocandr>1/p. Then we have for f € H,

18s(F)]l, < o=rlsly  5pd If = Ta(F)]lp < o= pd—1

The above Theorem (VT, 1985), Theorem (VT,1986) and remark
to it imply:

Theorem (Dinh Zung, 1991; VT, 1993)

Forany f e Hy, 1< qg<p<oo,r>1/q

If = Ta(F)llp < 27" Dnl@ /2 5:=1/q —1/p.
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One more right order result

It easily follows from the definition of ¢, (F), that

om(F)p > dm(F, L), where dm(F, L) is the Kolmogorov width.
The upper bound from Theorem (VT, 1985) and the lower bound
for the Kolmogorov width from VT, 1998: for d = 2

(ML, Loc) = m ™" (log m)'*?
imply for d =2

om(HZ )oo =< m~"(log m)"+L.
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Partial sums

For N € N define the hyperbolic cross

d
F(N) == {k € Z? : J[max(lk;|,1) < N}
j=1

and the corresponding Dirichlet kernel

Dp(x) := Z el(kx),

ker(N)

Consider the hyperbolic cross partial sums

Su(r.x) = @2n) ¢ [ F)Du(x—)dy.
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It is known that

fSUP |£ = Sn(F)ll2 = dir(nv) (W3, L2) < N™".
EW

For a point set £(m) = {¢”}™_, C T9 consider a discretization of
the convolution operator Sy

1 m
f - \D =
Sw(f,&(m p ; (&)Pu(x — ¢&).
How many points do we need to guarantee

sup [[f — Sn(f,€(m))ll2 < dir(ny (W3, L2) < N™77 (2)
few;

Vladimir Temlyakov Sampling recovery. Lecture 1. Recovery in the L, norms.



It is known that

fSUP |£ = Sn(F)ll2 = dir(nv) (W3, L2) < N™".
EW

For a point set £(m) = {¢”}™_, C T9 consider a discretization of
the convolution operator Sy

Su(f, ¢(m %Z (€)D(x — €).

How many points do we need to guarantee

sup [[f — Sn(f,€(m))ll2 < dir(ny (W3, L2) < N™77 (2)
few;
It is proved in VT, 1986 that it is sufficient to take
m = N?(log N)9=1 for (2) to hold. The proof uses number
theoretical constructions.
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Thank you!
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