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Subdivision schemes: short history

Subdivision schemes were created originally to design geometrical models

GEORGES DE RHAM, SUR UNE COURBE PLANE, J.
MATH. PURES APPL. 35 (9) (1956) 25–42. GEORGE CHAIKIN, AN ALGORITHM FOR HIGH SPEED

CURVE GENERATION, COMPUT. GR. IMAGE PROCESS.
3 (1974), 346–349.
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Subdivision in a nutshell

Soon, after their creation, subdivision schemes were recognised as methods for
approximation. Essentially, they are

. efficient iterative methods for generating limits from discrete sets of data

. given D0 - an initial set of data - the procedure iteratively defines

D0 ref. rule−−−−−→ D1 ref. rule−−−−−→ D2 · · · ref. rule−−−−−→ Dk

. refinemet rules can be linear/non linear, level dependent/independent,
analytic/geometric

. limk→∞ {Dk} is the subdivision limit generated by the scheme

Perspectives and open problems of subdivisions Costanza Conti 4



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision in a nutshell

Soon, after their creation, subdivision schemes were recognised as methods for
approximation. Essentially, they are

. efficient iterative methods for generating limits from discrete sets of data

. given D0 - an initial set of data - the procedure iteratively defines

D0 ref. rule−−−−−→ D1 ref. rule−−−−−→ D2 · · · ref. rule−−−−−→ Dk

. refinemet rules can be linear/non linear, level dependent/independent,
analytic/geometric

. limk→∞ {Dk} is the subdivision limit generated by the scheme

Perspectives and open problems of subdivisions Costanza Conti 4



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision in a nutshell

Soon, after their creation, subdivision schemes were recognised as methods for
approximation. Essentially, they are

. efficient iterative methods for generating limits from discrete sets of data

. given D0 - an initial set of data - the procedure iteratively defines

D0 ref. rule−−−−−→ D1 ref. rule−−−−−→ D2 · · · ref. rule−−−−−→ Dk

. refinemet rules can be linear/non linear, level dependent/independent,
analytic/geometric

. limk→∞ {Dk} is the subdivision limit generated by the scheme

Perspectives and open problems of subdivisions Costanza Conti 4



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision in a nutshell

Soon, after their creation, subdivision schemes were recognised as methods for
approximation. Essentially, they are

. efficient iterative methods for generating limits from discrete sets of data

. given D0 - an initial set of data - the procedure iteratively defines

D0 ref. rule−−−−−→ D1 ref. rule−−−−−→ D2 · · · ref. rule−−−−−→ Dk

. refinemet rules can be linear/non linear, level dependent/independent,
analytic/geometric

. limk→∞ {Dk} is the subdivision limit generated by the scheme

Perspectives and open problems of subdivisions Costanza Conti 4



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision in a nutshell

Soon, after their creation, subdivision schemes were recognised as methods for
approximation. Essentially, they are

. efficient iterative methods for generating limits from discrete sets of data

. given D0 - an initial set of data - the procedure iteratively defines

D0 ref. rule−−−−−→ D1 ref. rule−−−−−→ D2 · · · ref. rule−−−−−→ Dk

. refinemet rules can be linear/non linear, level dependent/independent,
analytic/geometric

. limk→∞ {Dk} is the subdivision limit generated by the scheme

Perspectives and open problems of subdivisions Costanza Conti 4



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision schemes: the general idea

D0: originally a set of points but, due to their simplicity, in the last 30 years are
extended to more abstract settings, such as

polygonal meshes,

vector fields,

manifold valued data,

matrices,

sets,

curves, nets of functions,

.....
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An example of point subdivision scheme
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An example of net subdivision scheme
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An example of mesh subdivision scheme
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Why subdivision schemes?

Generation of curves and surfaces: geometric modelling and CAGD
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Why subdivision schemes?

Generation of refinable functions: multiresolution analysis and wavelets
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Why Subdivision Schemes?

Computer animation: simple and efficient surface representation

Perspectives and open problems of subdivisions Costanza Conti 11



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Why subdivision schemes?

Image analysis: generation of active contours and active surfaces
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Subdivision nowaday: abundance of schemes

nice aspects:

. simplicity of definition and implementation

. computational efficiency

severe limitations (open issues):

. artefacts, low regularity at critical points

. simple analysis tools

+ New trends: level dependent, non-linear, application driven ..... they requires
news ideas and new tools for their theoretical analysis
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Subdivision for curves
Subdivision for surfaces

Linear subdivision scheme

Nice aspects of linear subdivision schemes are:

. many of their properties can be translated into algebraic properties

. analysis tools are based on linear algebra, e.g. "joint spectral radius" or
"eigen-analysis"

. many constructive strategies are based on the solution of linear systems
with structured matrices including Toeplitz, Hankel, Hurwitz, circulant, ...

+ Linear subdivision schemes acquire a strategic significance for the integration
and cooperation between different areas of research
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Subdivision for curves
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Cardinal B-splines: refinement properties

The simplest way to present linear subdivision scheme is to consider splines.

An important property of polynomial cardinal B-splines is their refinability:
They can be written as linear combination of shifts of dilates version of themselfs

B3(t) =
1

8
B3(2t) +

1

2
B3(2t − 1) +

3

4
B3(2t − 2) +

1

2
B3(2t − 3) +

1

8
B3(2t − 4)

+ Coefficients of the cubic B-spline refinement mask: 1
8 ,

1
2 ,

3
4 ,

1
2 ,

1
8
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The binary subdivision scheme for cardinal cubic splines

Using the refinability properties

B3(t) =
∑
j∈Z

a3
j B3(2t − j), where a3 = · · · 0, 1

8
,

1
2
,

3
4
,

1
2
,

1
8
, 0, · · ·

any cubic polynomial spline can be written as

s(t) =
∑
i∈Z

PiB3(t − i) =
∑
i∈Z

Pi

∑
j∈Z

a3
j B3(2(t − i)− j), that is

s(t) =
∑
i∈Z

∑
j∈Z

a3
i−2jPj


︸ ︷︷ ︸

P(1)
i

B3(2t − i) =
∑
i∈Z

P(1)
i B3(2t − i)
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Subdivision for curves
Subdivision for surfaces

The binary subdivision scheme for cardinal cubic splines

Iterating we can write any cubic polynomial spline as

s(t) =
∑
i∈Z

P(1)
i B3(2t − i) =

∑
i∈Z

P(1)
i

∑
j∈Z

a3
j B3(2(2t − i)− j),

s(t) =
∑
i∈Z

P(2)
i B3(4t − i), · · · s(t) =

∑
i∈Z

P(k+1)
i B3(2k+1t − i),

where the refined set of points P(k+1), i ∈ Z is

P(k+1)
i =

∑
j∈Z

a3
i−2jP

(k)
j , i ∈ Z ⇔ P(k+1) = Sa3︸︷︷︸

sub. oper .

P(k), k ≥ 0.

+ Since the support of B3(2k ·) shrink for k large enough the coefficients P(k)

are a good discrete representation of s.

Perspectives and open problems of subdivisions Costanza Conti 17



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

The binary subdivision scheme for cardinal cubic splines

Iterating we can write any cubic polynomial spline as

s(t) =
∑
i∈Z

P(1)
i B3(2t − i) =

∑
i∈Z

P(1)
i

∑
j∈Z

a3
j B3(2(2t − i)− j),

s(t) =
∑
i∈Z

P(2)
i B3(4t − i), · · · s(t) =

∑
i∈Z

P(k+1)
i B3(2k+1t − i),

where the refined set of points P(k+1), i ∈ Z is

P(k+1)
i =

∑
j∈Z

a3
i−2jP

(k)
j , i ∈ Z ⇔ P(k+1) = Sa3︸︷︷︸

sub. oper .

P(k), k ≥ 0.

+ Since the support of B3(2k ·) shrink for k large enough the coefficients P(k)

are a good discrete representation of s.

Perspectives and open problems of subdivisions Costanza Conti 17



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Binary subdivision scheme

+ Any cubic B-splines is the basic limit function of the corresponding
subdivision scheme when starting with the sequence δ = 0, 0, 1, 0, 0.
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Univariate binary spline subdivision schemes: functional case

Any spline subdivision scheme iteratively computes P(k+1) := SaP(k), k ≥ 1 via
the binary subdivision operator

Sa : `(Z)→ `(Z),
(

SaP(k)
)

i
=
∑
j∈Z

ai−2j P(k)
j , i ∈ Z,

(
SaP(k)

)
2i

=
∑
j∈Z

a2j P(k)
i−j ,

(
SaP(k)

)
2i+1

=
∑
j∈Z

a2j+1 P(k)
i−j

ae = {a2i ∈ R : i ∈ Z} ao = {a2i+1 ∈ R : i ∈ Z}

The basic subdivision operations are CONVOLUTION+ MERGE

P(k+1)
e = ae ∗ P(k), P(k+1)

o = ao ∗ P(k) → P(k+1) = merge(P(k+1)
e ,P(k+1)

o )
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Any spline subdivision scheme iteratively computes P(k+1) := SaP(k), k ≥ 1 via
the binary subdivision operator

Sa : `(Z)→ `(Z),
(

SaP(k)
)

i
=
∑
j∈Z

ai−2j P(k)
j , i ∈ Z,

(
SaP(k)

)
2i

=
∑
j∈Z

a2j P(k)
i−j ,

(
SaP(k)

)
2i+1

=
∑
j∈Z

a2j+1 P(k)
i−j

ae = {a2i ∈ R : i ∈ Z} ao = {a2i+1 ∈ R : i ∈ Z}

The basic subdivision operations are CONVOLUTION+ MERGE

P(k+1)
e = ae ∗ P(k), P(k+1)

o = ao ∗ P(k) → P(k+1) = merge(P(k+1)
e ,P(k+1)

o )
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Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Univariate binary subdivision operators: functional case

linear splines

a = ( 1
2 , 1, 1

2 )

P(k+1)
2i = 1P(k)

i

P(k+1)
2i+1 = 1

2 P(k)
i + 1

2 P(k)
i+1

quadratic splines

a = ( 1
4 ,

3
4 ,

3
4 ,

1
4 )

P(k+1)
2i = 1

4 P(k)
i−1 + 3

4 P(k)
i

P(k+1)
2i+1 = 3

4 P(k)
i + 1

4 P(k)
i+1

+ From a practical point of view 6 or 7 iterations are enough to get a very good approximation of the

subdivision limit (up to pixel accuracy).
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Interpolatory subdivision schemes

+The subdivision idea allows us to define other type of approximant/interpolant
not necessarily splines (piecewise polynomial).

Interpolatory subdivision schemes are characterized by the rules

(
Sa(k)P(k)

)
2i

= P(k)
i ,

(
Sa(k)P(k)

)
2i+1

=
∑
j∈Z

a2j+1 P(k)
i−j

In the interpolatory situation P(k) ⊂ P(k+1), k = 0, 1, ...

+ The limit function will interpolate the initial and all generated points
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Interpolatory subdivision schemes

Four point scheme a =
(
· · · , 0, − 1

16 , 0, 9
16 , 1, 9

16 , 0, − 1
16 , 0, · · ·

)
P(k+1)

2i = 1 P(k)
i , P(k)

2i+1 = −
1

16
P(k)

i−2 +
9

16
P(k)

i−1 +−
9

16
P(k)

i −
1

16
P(k)

i+1

N. Dyn, D. Levin, J. A. Gregory, A 4-point interpolatory subdivision scheme for curve design, Comput.
Aided Geom. Design 4 (4) (1987) 257–268.
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

The four point schemes

G. Deslauriers, S. Dubuc, Symmetric iterative interpolation processes, Constr. Approx. 5 (1989) 49–68.
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Binary linear subdivision scheme

Summarizing:

A linear subdivision scheme is essentially given by the subdivision
coefficients or subdivision mask, say a = {ai ,∈ R i ∈ Z} (finite);

If convergent a sub. defines a basic limit function φ = S∞a δ as limit of the
subdivision process starting from δ = 0, 0, 1, 0, 0; (compactly supported)

Mostly, this function is not defined analytically. But:

. φ =
∑
i∈Z

aiφ(2 · −i);

. partition of unity
∑
i∈Z

φ(· − i) = 1;

. has a known regularity and specific reproduction/approximation properties.
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Non-stationary or level dependent subdivision scheme

Subdivision with a different set of coefficients at each level:

{a(k), Sa(k) , k ≥ 0} ⇔


Input P(0), {a(k), k ≥ 0}
For k = 0, 1, · · ·

P(k+1) := Sa(k) f(k) level dep. rules

+ In that case we have a family of basic limit functions

{φm, m ≥ 0}, φm = lim
k→∞

Sa(k) · · ·Sa(m)δ.

+ They still satisfy a "refinability" property: φm =
∑
i∈Z

a(m)
i φm+1(2 · −i).
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Rvachev-type functions

Rvachev-type functions: compactly supported C∞-function



linear splines a = (0, 1
2 , 1, 1

2 , 0)

quadr. splines a = (0, 1
4 ,

3
4 ,

3
4 ,

1
4 , 0)

cubic splines a = (0, 1
8 ,

4
8 ,

6
8 ,

4
8 ,

1
8 , 0)

quartic splines a = (0, 1
16 ,

5
16 ,

5
16 ,

5
16 ,

5
16 , 0)

quintic splines a = (0, 1
32 ,

6
32 ,

15
32 ,

20
32 ,

15
32 ,

6
32 ,

1
32 , 0)
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Cardinal exponential splines with segments in {eθ t , e−θ t , teθ t , te−θ t}

P(k+1)
2i = 1

2(v(k)+1)2 P(k)
i−1 + 4(v(k))2+2

2(v(k)+1)2 P(k)
i + 1

2(v(k)+1)2 P(k)
i+1

P(k+1)
2i+1 = 2v(k)

(v(k)+1)2 P(k)
i + 2v(k)

(v(k)+1)2 P(k)
i+1

For v(k) =
1

2

(
e

θ
2k+1 + e

−θ
2k+1

)
, v(k) =

√
1 + v(k−1)

2
, k ≥ 0, v(−1) > −1

Basic limit functions for different values of v(−1) ∈ {−0.9, −0.5, 0.5, 0.25, 0.45}
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Subdivision convergence

In all instances, we can state the following notion of subdivision convergence

Convergence (Definition)

The scheme {Sa(k) , k ≥ 0} applied to the initial data P(0) ∈ `(Z) is called
convergent if there exists a function fP(0) ∈ C(R), (fP(0) 6= 0, P(0) 6= 0) such that

lim
k→∞

sup
i∈Z
| fP(0)(2−k i)− P(k)

i | = 0.

Regularity (Definition)

The scheme {Sa(k) , k ≥ 0} is C`−convergent if fP(0) ∈ C`(R).
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

The role of symbols in subdivision schemes

How to prove convergence or other properties of a subdivision scheme?

Subdivision symbol

The symbol of a subdivision mask {ai , i ∈ Z} is the Laurent polynomial

a(z) =
∑

i∈Z ai z i , z ∈ C \ {0}.

The mask symbol a(z) fully identifies a stationary subdivision scheme;

In the level dependent case the sequence of symbols {a(k)(z), k ≥ 0}
associated with the sequence of masks identifies the subdivision scheme;

+ Many of the properties of a subdivision scheme can be easily checked using
algebraic conditions on the subdivision symbols;This is also true for the
properties of the basic limit functions including their approximation order.
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Generation versus reproduction

The approximation order of (any) subdivision scheme is strictly connected with
its generation/reproduction properties.

Generation/Reproduction (Definition)

I A convergent subdivision scheme generates V if for any f ∈ V it exists P(0)

s.t. limk→∞ Sa(k)Sa(k−1) · · ·Sa(0)P(0) = f .

I A convergent subdivision scheme reproduces V if for any f ∈ V and
P(0) = {f (t(0)

i ), i ∈ Z} we have limk→∞ Sa(k)Sa(k−1) · · ·Sa(0)P(0) = f .
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Exponential polynomials: important in applications

Exponential-polynomials (Definition )

Let n ∈ N and let Γ = {(θ1, ξ1), . . . , (θn, ξn)} with θi ∈ R ∪ iR, θi 6= θj if i 6= j
and ξi ∈ N, i = 1, · · · , n. We define the space of exponential polynomials EPΓ

EPΓ = span{ x ri eθi x , ri = 0, · · · , ξi − 1, i = 1, · · · , n} .

For Γ = {(0, 2), (θ, 2), (−θ, 2)} we have EPΓ = span{1, x, eθx , e−θx , xeθx , xe−θx}.

θ = 0 → span{1, x, x2, x3, x4, x5};
θ = ıs → span{1, x, cos(sx), sin(sx), x cos(sx), x sin(sx)};
θ = s → span{1, x, cosh(sx), sinh(sx), x cosh(sx), x sinh(sx)}.

+ Exponential polynomials cannot be reproduced by stationary subdivisions!
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Generation/reproduction of a non-stationary subdivisions

Theorem [C.C. and L. Romani 2011]

Let Γ = {(θ1, ξ1), · · · , (θn, ξn)}, z(k)
` = e

−θ`
2k+1 , ` = 1, · · · , n, k ≥ 0. A stable subdivision scheme

{Sa(k) , k ≥ 0}

I generates EPΓ iff
d r a(k)(−z

(k)
`

)

dzr = 0, r = 0, ..., ξ` − 1 (∗)

I reproduces EPΓ with respect to t(k)
i = i+τ

2k , iff beside (∗),

d r a(k)(z
(k)
`

)

dzr = 2
(

z(k)
`

)τ−r
Πr−1

q=0(τ − q), r = 1, ..., ξ` − 1.

Algebraic conditions provides us an algebraic approach to derive symbols
for functions with higher rep. properties than B-splines or EB-splines;

The higher is the number of exponential polynomials reproduced, the higher
is the approximation order of the scheme;

C. Conti, L. Gemignani, L. Romani, Exponential Pseudo-Splines: looking beyond Exponential B-splines,
Journal of Mathematical Analysis and Applications 439 (2016), Pages 32-56.
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Subdivision for surfaces

The topological relations between the data are richer than in the curve case.

In the surface case a subdivision scheme deals with meshesM = (V ,E , F)

V → vertices

E → edges (pairs of vertices)

F → faces (cyclic lists of edges)

+ A subdivision step is a mesh refinement step M(k) →M(k+1)
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Subdivision for surfaces: important meshes

Quadrilater mesh→ all faces consist of 4 edges and 4 vertices

regular quad-mesh:

. it is topologically equivalent to Z2 with edges parallel to the directions e1, e2

. the topological refinement of a quad mesh is equivalent to Z2 → 1
2Z

2

. analysis can be done in terms of symbols (extension of the curve-case)

irregular quad-mesh:
. has extraordinary vertices where not 4, but 3, 5, or even more faces meet

. special rules and special analysis tools are needed near extraordinary vertices

. non-quadrilateral faces after one refinement step
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Subdivision for surfaces: important meshes

Triangular mesh→ all faces consist of 3 edges and 3 vertices

regular triangular-mesh:

. it is topologically equivalent to Z2 with edges parallel to the directions e1, e2, e3 = (1, 1)

. the topological refinement of a regular triangular mesh is equivalent to Z2 → 1
2Z

2

. analysis can still be done in terms of symbols

irregular triangular-mesh:

. an irregular triangular mesh has extraordinary vertices of valency different from 6

. special rules and special analysis tools are needed near extraordinary vertices

+ a triangular mesh with some irregular vertices can describe arbitrary topology
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Most popular subdivision schemes for surfaces (stationary)

quadrilater meshes . Doo-Sabin→ C1-surfaces

. Catmull-Clark→ C1-surfaces (C2 in regular regions)

triangular meshes
. Loop→ C1-surfaces (C2 in regular regions)

. Butterfly→ C1-surfaces (interpolatory)
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Analysis tools for stationary surface subdivision

Stationary subdivision schemes for regular meshes: symbol-based analysis
on Z2 (Dyn and Levin, 2002)

Dyn, N. Levin, D. : Subdivision schemes in geometric modelling. Acta Numerica 11 (2002)
73–144.

Stationary subdivision schemes for irregular meshes: based on local
eigen-analysis and on characteristic map (Peters and Reif, 2008)

Peter, J., Reif, U.: Subdivision Surfaces. Springer (2008).

Stationary schemes cannot

{
reproduce spheres, elliposoid, cylinders
include tension parameters to model shapes

+ Non-stationary schemes are very important and very useful!
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Non-stationary subdivision scheme for surfaces

. non-stationary variant of subdivision schemes for surfaces on regular
meshes can be analysed with known tools

M. Charina, C. Conti, N. Guglielmi, V. Protasov, Regularity of Non-Stationary Subdivision: a
Matrix Approach, Numer. Math. (2017) 135, Pages 639–678

+ With Maria Charina and Nira Dyn we are working on high-regular bivariate
counterparts of the Rvachev-type UP-function based on three-directions box
splines.
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Non-stationary subdivision scheme for surfaces

. regular meshes are too rigid: vertices of valence different 6 and 4 are
important to model even simple shapes

. there exists non-stationary variants of subdivision scheme for surfaces on
irregular meshes with "gaps" in their analysis
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Analysis tools for non-stationary surface subdivision

Badoual, A., Novara, P., Romani, L., Schmitter, D., Unser, M.: A non-stationary subdivision scheme for
the construction of deformable models with sphere-like topology. Graphical Models 94, 38–51 (2017).

Fang, M., Ma, W., Wang, G.: A generalized surface subdivision scheme of arbitrary order with a tension
parameter. Comput. Aided Design 49, 8–17 (2014).

(a) (b) θ = 3 (c) θ = 10i

(a) (b) θ = 3 (c) θ = 10i
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Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Non-stationary subdivision scheme for surfaces

Non-stationary schemes as the BLOB scheme can reproduce sphere-like
structures important in many medical/biomedical applications such as
delineation of organs like brain, lungs, kidneys..

Badoual, A., Novara, P., Romani, L., Schmitter, D., Unser, M.: A non-stationary subdivision scheme for
the construction of deformable models with sphere-like topology. Graphical Models 94, 38–51 (2017).

+ BLOB: Butterfly-Loop Optimal Blending
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The (level-dependent) refinement operators
1) Vertex/Edge-point rules around vertices of valence 6

b(k) b(k)

V

b(k) b(k)

b(k) b(k)
a(k) e(k)

c(k) d(k) c(k)

d(k) c(k)c(k)

f (k) f (k)e(k)

E

a(k) = 4(v(k))2+2v(k)+1
4(v(k)+1)2 , b(k) = 2v(k)+1

8(v(k)+1)2 , c(k) = 2v(k)+1
16(v(k)+1)3 , v(k) = 1

2

(
e
i λ

2(k+1) + e
−i λ

2(k+1)

)
d(k) = (2v(k)+1)2

8(v(k)+1)3 , e(k) = 1
16(v(k)+1)3 , f (k) = (2v(k)+1)(4(v(k))2+6v(k)+3)

16(v(k)+1)3 ,

2) Vertex-point and Edge-point rule around vertices of valence 4
b̃(k)

V

ã(k)
b̃(k)b̃(k)

b̃(k)

g(k)

0

0

h(k)
g(k)

h(k)
E

d̃(k)

ẽ(k)

d̃(k) c(k)

c(k)

e(k)
f (k)f̃ (k)

E

ã(k) = 45(v(k))2+18v(k)+1
48(v(k)+1)2 , b̃(k) = 3(v(k))2+78v(k)+47

192(v(k)+1)2 , g(k) = (2v(k)+3)(2v(k)+1)

8(v(k)+1)2 , h(k) = 1
8(v(k)+1)2

c(k) = 2v(k)+1
16(v(k)+1)3 , e(k) = 1

16(v(k)+1)3 , f (k) = (2v(k)+1)(4(v(k))2+6v(k)+3)

16(v(k)+1)3 ,

d̃(k) = 16(v(k))2+18v(k)+5
32(v(k)+1)3 , ẽ(k) = 2v(k)+5

64(v(k)+1)3 , f̃ (k) = 32(v(k))3+64(v(k))2+54v(k)+15
64(v(k)+1)3

Perspectives and open problems of subdivisions Costanza Conti 42



Subdivision schemes: what are they all about
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Analysis tools for non-stationary surface subdivision

There is a lack of sufficient conditions to study convergence and smoothness of
non-stationary subdivision schemes for arbitrary topology meshes.

Recently we started to consider sufficient conditions to check if a non-stationary
subdivision scheme is convergent and tangent plane continuous at the limit
point of an extraordinary vertex/face

For the analysis of subdivision schemes near extraordinary points, our idea is to
extend the notion of "asymptotical equivalence" with a stationary scheme:

Asymptotical equivalence means that two schemes differ only on the
"initial" steps but, asymptotically, are the same
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Asymptotical equivalence

The notion of asymptotical equivalence was only considered in the regular case

N. Dyn, D. Levin, Analysis of Asymptotically Equivalent Binary Subdivision Schemes, Journal of
Mathematical Analysis and Applications,193, 2, (1995), 594-621

Definition: Asymptotical equivalence

Let S̄ and S be subdivision schemes based on the sub. operators Sa and {Sa(k) , k ≥ 1} respectively. If
+∞∑
k=1

2`k‖Sa(k) − Sa‖∞ < +∞ with ‖Sa(k)‖∞ := max

∑
β∈Z2

|a(k)
α−2β | : β ∈ Z2


then S̄ and S are said to be asymptotically equivalent schemes of order `.
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Convergence near extraordinary points/faces

Theorem [C.C., M. Donatelli, P. Novara, L. Romani (2019)]
Assume that a non-stationary subdivision scheme S = {Sk , k ≥ 1} and a sta-
tionary "reference" subdivision scheme S̄ = {S} satisfy:

i) S̄ is convergent both on regular and irregular regions;

ii) S is asymptotically equivalent of order 0 to S̄ on regular regions;
iii) on the irregular regions Sk and S satisfy, for all k ≥ 1,

‖Sk − S‖ ≤
C

σk
with σ >

1

λ1
> 1, for all k ≥ 1

with λ1 ∈ R+ is non-defective and 1 = λ0 > λ1 > |λi |, i ≥ 2.

Then, the non-stationary subdivision scheme S is convergent also at extraordi-
nary points/faces.

Perspectives and open problems of subdivisions Costanza Conti 45



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Convergence near extraordinary points/faces

Theorem [C.C., M. Donatelli, P. Novara, L. Romani (2019)]
Assume that a non-stationary subdivision scheme S = {Sk , k ≥ 1} and a sta-
tionary "reference" subdivision scheme S̄ = {S} satisfy:

i) S̄ is convergent both on regular and irregular regions;

ii) S is asymptotically equivalent of order 0 to S̄ on regular regions;
iii) on the irregular regions Sk and S satisfy, for all k ≥ 1,

‖Sk − S‖ ≤
C

σk
with σ >

1

λ1
> 1, for all k ≥ 1

with λ1 ∈ R+ is non-defective and 1 = λ0 > λ1 > |λi |, i ≥ 2.

Then, the non-stationary subdivision scheme S is convergent also at extraordi-
nary points/faces.

Perspectives and open problems of subdivisions Costanza Conti 45



Subdivision schemes: what are they all about
Why subdivision schemes?

Linear subdivision and algebraic tools

Subdivision for curves
Subdivision for surfaces

Regularity analysis for non-stationary surface subdivision

Theorem [C.C., M. Donatelli, P. Novara, L. Romani (2019)]

Assume that a non-stationary subdivision scheme S = {Sk , k ≥ 1} and a stationary
one S̄ = {S} are asymptotically equivalent of order 1. Assume that some further techni-
cal conditions are verified for the eigenvalues of both S and {Sk , k ≥ 1}. If the stationary
scheme S̄ is C1-convergent on the regular part and at extraordinary points then the sub-
division surface generated by S is tangent plane continuous at the extraordinary point.

+ The regularity of the non-stationary scheme in irregular regions is at least the
regularity of the stationary one.

+ But, the first steps of the non-stationary scheme can be used to influence the
final shape of the subdivision limit in irregular regions.
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Conclusions

Non-stationary subdivision schemes have more flexibility and therefore more
potentiality with respect to stationary subdivisions

Question:

Will non-stationarity help to overcome the limitations of subdivision schemes?

. artefacts and low regularity at extraordinary vertices
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